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We complete our previous derivation, at the sixth post-Newtonian (6PN) accuracy, of the local-
in-time dynamics of a gravitationally interacting two-body system by giving two gauge-invariant
characterizations of its complementary nonlocal-in-time dynamics. On the one hand, we compute the
nonlocal part of the scattering angle for hyberboliclike motions; and, on the other hand, we compute
the nonlocal part of the averaged (Delaunay) Hamiltonian for ellipticlike motions. The former is
computed as a large-angular-momentum expansion (given here to next-to-next-to-leading order),
while the latter is given as a small-eccentricity expansion (given here to the tenth order). We note
the appearance of ζ(3) in the nonlocal part of the scattering angle. The averaged Hamiltonian for
ellipticlike motions then yields two more gauge-invariant observables: the energy and the periastron
precession as functions of orbital frequencies. We point out the existence of a hidden simplicity in
the mass-ratio dependence of the gravitational-wave energy loss of a two-body system.
I. INTRODUCTION
A new strategy for deriving to higher post-Newtonian
(PN) accuracy the conservative dynamics of gravita-
tionally interacting two-body systems has been recently
introduced [1]. This strategy combines, in a new
way, various analytical approximation methods: post-
Newtonian (PN), post-Minkowskian (PM), multipolar-
post-Minkowskian (MPM), effective-field-theory (EFT),
gravitational self-force (SF), effective one-body (EOB),
and Delaunay averaging. In Ref. [2], we have shown how
to use this new methodology to derive the two-body dy-
namics at the fifth post-Newtonian (5PN), and fifth-and-
a-half post-Newtonian (5.5PN) levels. The latter results
were then extended to the sixth post-Newtonian (6PN)
level in Ref. [3].
A basic aspect of our new method is to split the Hamil-
tonian describing the dynamics of binary systems into
two separate parts: a local-in-time Hamiltonian, Hloc,f
(which starts at the Newtonian level), and a nonlocal-
in-time one, Hnonloc,f (which starts at the fourth post-
Newtonian, 4PN, level [4]). The total Hamiltonian,
Htot = H loc,f +Hnonloc,f , (1.1)
is independent of the choice of the flexibility factor f(t).
The latter enters the nonlocal Hamiltonian via a multi-
plicative renormalization of the time scale ∆tf = f(t)∆th
used as ultraviolet cutoff in the (external) nonlocal tail
action, so that one has
Hnonloc,f(t) = Hnonloc,h(t) + ∆f−hH(t) , (1.2)
where Hnonloc,h(t) is (uniquely1) defined by choosing the
harmonic-coordinate cutoff ∆th = 2rh12/c (where r
h
12 de-
1 We work here at the second-post-Newtonian (2PN) fractional
accuracy, where harmonic coordinates are uniquely defined and
lead to a finite higher-order action [6, 7].
notes the two-body radial separation in harmonic coor-
dinates), while
∆f−hH(t) = +2
GH
c5
FGW(t) ln (f(t)) , (1.3)
is an additional contribution which involves the gravita-
tional wave (GW) energy flux FGW(t), and which van-
ishes when f(t) = 1. An element of our new method is to
choose a flexibility factor f(t) such that decomposition
(1.1) of the total Hamiltonian Htot into local and nonlo-
cal parts implies that the two corresponding parts of the
total scattering angle, say,
χtot(E, J) = χloc,f(E, J) + χnonloc,f(E, J) , (1.4)
separately satisfy the simple mass-ratio dependence
proven in Ref. [5] for χtot. [Here, χ is considered as
a function of the center-of-mass (c.m.) energy, E, and
c.m. angular momentum, J , of the binary system.]
In our previous work [3] we computed the local-in-time
part of the Hamiltonian, H loc,f , at the 6PN accuracy.
We gave two gauge-invariant characterizations of H loc,f .
First, we explicitly derived the 6PN-accurate contribu-
tion to the scattering angle, say χloc,f6PN(E, J), coming from
H loc,f . Second, we computed the 6PN-accurate radial ac-
tion,
I loc,fR (E, J) =
1
2π
∮
dRPR , (1.5)
along ellipticlike motions (with energy E and angular
momentum J) described by H loc,f .
The aim of the present work is to complete the re-
sults of Ref. [3] by deriving the explicit 6PN-accurate
values of the complementary contributions, both to χ
and to IR, coming from the nonlocal-in-time dynamics,
Hnonloc,f. More precisely, we shall compute here both
χnonloc,f6PN (E, J) and IR
nonloc,f
6PN (E, J), such that the quan-
tities
χtot6PN(E, J) = χ
loc,f
6PN(E, J) + χ
nonloc,f
6PN (E, J) , (1.6)
2and
ItotR 6PN(E, J) = I
loc,f
R 6PN(E, J) + I
nonloc,f
R 6PN (E, J) , (1.7)
give the scattering angle (for hyperboliclike motions),
and the radial action (for ellipticlike motions) described
by the total Hamiltonian (1.1), considered at the 6PN
accuracy. Because of the nonlocal-in-time nature of
Hnonloc,f, it seems impossible to derive (for general
motions) closed-form expressions for χnonloc,f6PN (E, J) and
Inonloc,fR 6PN (E, J). We will compute them in the form of
expansions in a relevant small parameter. For hyperboli-
clike motions, the expansion parameter is the inverse ec-
centricity 1e , or equivalently the inverse impact parameter
1
b , or the inverse angular momentum
1
J . For ellipticlike
motions, the expansion parameter is the (unperturbed)
squared eccentricity e2loc(E, J), or, equivalently, the (un-
perturbed) radial action I locR (E, J). We will also give the
6PN-accurate value of the energy, and of the periastron
advance, along circular orbits.
Let us stress that both quantities Eqs. (1.6), and (1.7)
are gauge-invariant characteristics of the (6PN-accurate)
two-body dynamics. In addition, the left-hand sides of
Eqs. (1.6), and (1.7) are completely independent of the
choice of the flexibility factor f . It is only the decom-
position into the two parts (χloc,f versus χnonloc,f, and
I loc,fR 6PN versus I
nonloc,f
R 6PN ) which depends on the choice of
f(t). Finally, we will derive below the explicit form of
the constraints that must be satisfied by f(t), so that the
specific separability condition (between local and nono-
cal) that we assumed in our previous work [3] is satisfied.
The gauge-invariant content of the corresponding Hamil-
tonian contribution ∆f−hH will be explicitly displayed.
The possibility of characterizing (in a gauge-invariant
manner) the conservative dynamics of binary systems by
means of the functional relation between the radial ac-
tion, IR, and the energy and angular momentum, E, J
(or, equivalently, the functional relation E(IR, Iφ), with
Iφ =
1
2π
∮
Pφdφ = J) is well known in classical mechanics
(particularly since the work of Delaunay on the averag-
ing of action-angle Hamiltonians), and has been empha-
sized many years ago in the general-relativistic context
[8]. By contrast, the possibility of fully characterizing
(in a gauge-invariant manner) the conservative dynam-
ics of binary systems by means of the functional relation
between the (c.m.) scattering angle χ and E and J has
only been recently emphasized [9, 10]. Many different as-
pects of the physics of classical and quantum scattering
(and of the relation between the two) have been recently
explored [5, 11–52].
Let us summarize the current state of the art in the
theoretical knowledge of the conservative dynamics of
gravitationally interacting two-body systems. The PN-
expanded dynamics is fully known at the 4PN level (cor-
responding to 1/c8 fractional corrections to the Newto-
nian description) [4, 53–59]. At the 5PN level, our new
method [1] has allowed us to derive, in a gauge-invariant
way, the full dynamics modulo two undetermined numer-
ical parameters, denoted d¯ν
2
5 and a
ν2
6 . These coefficients
parametrize terms of the (sketchy) form
∆H loc5PN ∼ d¯ν
2
5
G5m31m
3
2
c10R5
p2r + a
ν2
6
G6m31m
3
2(m1 +m2)
c10R6
,
(1.8)
in the (c.m. frame) local 5PN Hamiltonian. Here m1
and m2 denote the two masses, R = |x1−x2| their radial
distance, while pr = PR/µ denotes the radial momen-
tum PR = n12 ·P1 = −n12 ·P2, rescaled by the reduced
mass of the system µ ≡ m1m2/(m1+m2). [Note that pr
has the dimension of a velocity, and, actually, is equal,
in lowest approximation, to the relative radial velocity
dR/dt.] Recent progress in the (EFT-based) computer-
aided evaluation of the PN-expanded interaction poten-
tial of binary systems [59–62] gives hope that the two
missing coefficients d¯ν
2
5 and a
ν2
6 might be soon derived.
This would lead to a complete knowledge of the 5PN dy-
namics.
The 5.5PN Hamiltonian is entirely nonlocal, and it is
fully known [2]. At the 6PN level, our method has al-
lowed us to to derive [3], in a gauge-invariant way, the
full 6PN dynamics modulo four undetermined numerical
parameters, denoted qν
2
45 , d¯
ν2
6 , a
ν2
7 , and a
ν3
7 . These coef-
ficients parametrize terms of the (sketchy) form
∆H loc6PN ∼ qν
2
45
G5m31m
3
2
c12R5
p4r + d¯
ν2
6
G6m31m
3
2(m1 +m2)
c12R6
p2r
+ aν
2
7
G7m31m
3
2(m1 +m2)
2
c12R7
+ aν
3
7
G7m41m
4
2
c12R7
, (1.9)
in the (c.m. frame) local 6PN Hamiltonian.
Besides this knowledge of the PN-expanded dynam-
ics (i.e., its expansion in powers of 1c ), one has also re-
cently acquired the knowledge of the first three terms in
the (conservative) PM-expanded dynamics, i.e., its ex-
pansion in powers of the gravitational coupling constant
G (keeping the velocity dependence exact). Hamilto-
nian formulations of the first post-Minkowskian (1PM,
i.e. O(G)) dynamics have been derived in various gauges
[9, 63]. The second post-Minkowskian (2PM, i.e. O(G2))
dynamics, whose equations of motion had been known
for many years [64–66], was expressed only recently in
Hamiltonian form [10, 18]. The third post-Minkowskian
(3PM, i.e. O(G3)) dynamics has been derived in Refs.
[23, 32] (see also Refs. [5, 51] for its simpler EOB for-
mulation). Confirmations of the 3PM dynamics of Refs.
[23, 32] have been obtained in Refs. [1] (5PN level),
[2, 45, 60] (6PN level) and [50] (3PM level).
Eqs. (1.8), (1.9) clearly display the fact that the parts
of the 5PN and 6PN dynamics left undetermined by
our new method belong to the fifth, sixth and seventh
post-Minkowskian (5PM, 6PM, 7PM) approximations.
This shows, in particular, that our current work leads
to a complete knowledge of the fourth post-Minkowskian
(4PM; O(G4)) dynamics up to the 6PN level included.
3However, in order to explicate this knowledge (in a gauge-
invariant way) from our current results [2, 3], one needs
to explicitly derive the (f-route) nonlocal contribution,
χnonloc,f6PN (E, J), to the total scattering angle, χ
tot
6PN(E, J),
Eq. (1.4), so as to complete the explicit expression for
the (f-route) local contribution χloc,f6PN(E, J) given in Ref.
[3].
Our basic tool for deriving the nonlocal contribution
to the scattering angle will be the general, simple for-
mula, derived in Ref. [52], that computes the additional
contribution δχ(E, J) to χ(E, J) = χ0(E, J) + δχ(E, J)
induced by an additional contribution δH to the Hamil-
tonian (H(q, p) = H0(q, p) + δH(q, p)), namely
δχ(E, J) =
∂
∂J
Whyp(E, J) +O
[
(δH)2
]
, (1.10)
where
Whyp(E, J) ≡
∫ +∞
−∞
dt δH , (1.11)
is integrated along the unperturbed hyperboliclike mo-
tion (with energy E and angular momentum J) defined
by the unperturbed HamiltonianH0. Note the important
point that Refs. [4, 52, 67] have shown that the relation
(1.10), which is easily derived for usual local Hamiltoni-
ans, holds also in the present case of a nonlocal Hamilto-
nian.
Similarly, it is easy to relate the elliptic-motion analog
of (1.11), say
Well(E, J) ≡
∮
dt δH , (1.12)
where, now, the integral is taken over one radial period
of an ellipticlike motion, to the (first-order) perturbation
δIR(E, J) of the radial action,
IR(E, J) = I
0
R(E, J) + δIR(E, J) , (1.13)
corresponding to a general perturbation H = H0(q, p) +
δH(q, p) of the Hamiltonian. Indeed, the fundamental
property of Delaunay averaging (for ellipticlike motions)
is that the perturbation δH¯(IR, Iφ) of the angle-averaged
Delaunay Hamiltonian,
H¯(IR, Iφ) =
1∮
dt
∮
dtH = H¯0(IR, Iφ) + δH¯(IR, Iφ) ,
(1.14)
is simply given by averaging the perturbation of the
Hamiltonian2 , so that
δH¯(IR, Iφ) =
1∮
dt
∮
dtδH(q, p) =
ΩR
2π
∮
dtδH(q, p)
=
ΩR
2π
[Well(E, J)]E 7→H¯0(IR,Iφ) . (1.15)
2 This fundamental result of classical mechanics played an impor-
tant role in the development of Quantum Mechanics, where it
got transmuted into the well-known Hellman-Feynman theorem.
Here, ΩR =
2π
TR
= ∂H¯(IR, Iφ)/∂IR denotes the radial
angular frequency (TR =
∮
dt denoting the radial pe-
riod). Note that in the last equation (1.15) one can use
the leading-order replacement E 7→ H¯0(IR, Iφ) to express
δH¯ as a function of IR, and Iφ, instead of the natural
variables E, J entering the integrated action Well(E, J),
(1.12). Writing that IR(E, J) is the inverse function of
H¯(IR, Iφ), and using ΩR = ∂H¯(IR, Iφ)/∂IR, also leads to
the result that the perturbation δIR(E, J) of the radial
action, IR(E, J) = I
0
R(E, J) + δIR(E, J) is simply given
by
δIR(E, J) = − 1
2π
Well(E, J) + O
[
(δH)2
]
, (1.16)
where Well(E, J) is again the integrated elliptic-motion
action defined in Eq. (1.12). Note in passing that by
combining the result (1.16) with the standard general
result for the periastron advance Φ (see, e.g., [8])
Φ(E, J)
2π
= −∂IR(E, J)
∂J
, (1.17)
one finds that the perturbation δΦ(E, J) of the periastron
advance Φ(E, J) = Φ0(E, J) + δΦ(E, J) is given by
δΦ(E, J) = +
∂Well(E, J)
∂J
. (1.18)
In the present paper we shall apply the general results
of Eqs. (1.10), (1.11), (1.12), (1.15), to the perturbed
dynamics H = H0 + δH with
H0 = H
loc,f ,
δH = Hnonloc,f = Hnonloc,h +∆f−hH . (1.19)
As we have derived in Refs. [2, 3] the contributions of
H0 = H
loc,f both to the scattering angle, χloc,f6PN(E, J)
(see Section VIII in [3]), and to the Delaunay averaged
Hamiltonian H loc,f6PN (IR, Iφ), or equivalently I
loc,f
R 6PN(E, J)
(see Tables X and XI in [2] and section IX in [3]), we only
need now to compute the complementary contributions
δχ(E, J) = χnonloc,f6PN (E, J) =
∂
∂J
W nonloc,fhyp (E, J) ,
(1.20)
and
δH¯(IR, Iφ) = H¯
nonloc,f
6PN (IR, Iφ)
=
ΩR
2π
[
W nonloc,fell (E, J)
]
E 7→H¯0(IR,Iφ)
.(1 21)
From the latter result, we shall then be able to deduce
the nonlocal contribution to the periastron advance
δnonloc,fΦ(E, J) = +
∂W nonloc,fell (E, J)
∂J
. (1.22)
Our first task will then be to compute the f-route, non-
local perturbed action along hyperbolic motions, i.e.
W nonloc,fhyp (E, J) =
∫ +∞
−∞
dtHnonloc,f(t) . (1.23)
4In view of the linear decomposition (1.2) of the f-route
nonlocal Hamiltonian, Hnonloc,f, we have a corresponding
linear decomposition of W nonloc,fhyp (E, J), namely
W nonloc,fhyp (E, J) =W
nonloc,h
hyp (E, J) + ∆
f−h
hypW (E, J) ,
(1.24)
where
W nonloc,hhyp (E, J) =
∫ +∞
−∞
dtHnonloc,h(t) , (1.25)
and
∆f−hhypW (E, J) =
∫ +∞
−∞
dt∆f−hH(t) , (1.26)
both integrals being evaluated along an hyperbolic mo-
tion of H0 = H
loc,f
6PN with energy E and angular momen-
tum J . Actually, as nonlocal effects start at the 4PN
level, it is enough to use as H0 in this calculation the
2PN-accurate Hamiltonian (whose Delaunay form was
given in [8]; see Appendix A).
While ∆f−hhypW (E, J) can be (and will be) computed
in closed form, it does not seem possible to compute
W nonloc,hhyp (E, J) in closed form. But, it will be enough
for our purposes to compute the first three terms in the
large-J (or large eccentricity) expansion of the function,
W nonloc,hhyp (E, J), namely
W nonloc,hhyp (E, J) = W4(E)
(Gm1m2)
4
J3
+ W5(E)
(Gm1m2)
5
J4
+ W6(E)
(Gm1m2)
6
J5
+ O
(
G7
J6
)
. (1.27)
As displayed here, this expansion in powers of 1J is also
a PM expansion in powers of G. In view of Eq. (1.10),
the corresponding expansion for the (h-route) nonlocal
contribution to the scattering angle reads
χnonloc,h(E, J) = −3W4(E) (Gm1m2)
4
J4
− 4W5(E) (Gm1m2)
5
J5
− 5W6(E) (Gm1m2)
6
J6
+ O
(
G7
J7
)
. (1.28)
While we will be able to analytically compute closed-form
expressions for the first two expansion coefficientsW4(E)
and W5(E), we will only be able to write down integral
expressions for the third expansion coefficient W6(E).
We did not succeed in analytically computing the latter
integral expressions, but we could estimate then numer-
ically.
Our next task will be to use the mass-ratio depen-
dence of the coefficients W4(E), W5(E) and W6(E) to
constrain the choice of the flexibility factor f(t). Indeed,
as recalled above, the choice of f(t) is constrained, within
our method, by requiring that the two parts, χloc,f and
χnonloc,f = χnonloc,h + χf−h of the total scattering angle
χtot, Eq. (1.4), separately satisfy the simple mass-ratio
dependence proven in Ref. [5] for χtot.
Finally, we will complete our 6PN-accurate description
of the dynamics of ellipticlike motions by computing the
elliptic analog of Eq. (1.24), namely
W nonloc,fell (E, J) =W
nonloc,h
ell (E, J) + ∆
f−h
ell W (E, J) ,
(1.29)
with
W nonloc,hell (E, J) =
∮
dtHnonloc,h(t) , (1.30)
and
∆f−hell W (E, J) =
∮
dt∆f−hH(t) , (1.31)
both integrals being now evaluated along one radial pe-
riod of an elliptic motion, with given energy E and angu-
lar momentum J of H0 = H
loc,f
6PN . As before, it is enough
to use H0 ≈ H2PN in this calculation.
Notation
We use a mostly plus signature. We define the sym-
metric mass ratio ν as the ratio of the reduced mass
µ ≡ m1m2/(m1 +m2) to the total mass M = m1 +m2:
ν ≡ µ
M
=
m1m2
(m1 +m2)2
. (1.32)
We use several different measures of the total energy
Etot = Mc
2 + · · · of the binary system (considered in
the c.m. frame). Of particular importance is the EOB
effective energy, Eeff , which is defined by
Eeff = E
2
tot −m21c4 −m22c4
2(m1 +m2)c2
. (1.33)
Equivalently, we have
Etot = Mc
2
√
1 + 2ν
(Eeff
µc2
− 1
)
≡ Mc2
√
1 + 2ν(Êeff − 1) , (1.34)
where
Êeff ≡ Eeff
µ c2
. (1.35)
5We also use the dimensionless specific binding energy
E¯ ≡ Etot −Mc
2
µc2
. (1.36)
The total c.m. angular momentum J will often be mea-
sured by its dimensionless rescaled version
j ≡ cJ
Gm1m2
=
cJ
GMµ
. (1.37)
[The definitions used in the present work for E¯ and j
differ by respective factors 1c2 and c from those used in
our last work [3].] The latter equation shows that one
can formally consider that j = O
(
c
G
)
, so that a term or
order 1jn is of order
Gn
cn .
In the following, we shall often use the shorthand no-
tations
γ ≡ Êeff , (1.38)
p∞ ≡
√
γ2 − 1, so that γ =
√
1 + p2∞ , (1.39)
and
h(γ, ν) ≡
√
1 + 2ν(γ − 1) . (1.40)
We shall often find convenient to work with dimensionless
rescaled orbital parameters, such as r12 ≡ c2rphys12 /(GM),
or a ≡ c2aphys/(GM). The context should make it clear
whether we use physical or rescaled quantities.
Most of our final results will be expressed in terms
of dimensionless quantities, such as E¯, j, p∞, and a ≡
c2aphys/(GM). In other words, we essentially use units
where c and G (and sometimes also GM) are set to unity.
However, in some formulas we indicate the powers of G
(or GM) that they originally contain. Concerning the
powers of c, and the corresponding absolute PN order,
we will not explicitly keep track of them. However, we
will keep track of the fractional PN order of various con-
tributions to PN-expanded quantities by using η ∼ 1c
(to be set to one at the end) as a bookkeeping device
for PN orders beyond the leading-order term in a quan-
tity. E.g., we will write Q = QLO(1 + η2q2 + η
4q4) for
a quantity Q which is expanded to fractional 2PN accu-
racy beyond its leading order PN contribution. To help
the reader keeping track of the absolute PN order of the
quantities we shall compute, let us note that: (i) non-
local effects in the dynamics start at the absolute 4PN
order, and (ii) one can use the formal scalings 1j = O
(
G
c
)
,
E¯ = O( 1c2 ) = γ−1, and p∞ = O(1c ) to recover the powers
of G and c.
II. BRIEF REMINDER ABOUT THE
NONLOCAL PART OF THE ACTION
Let us consider in more detail the structure of the non-
local part of the action, Snonloc,f . As discussed in Ref.
[2], at the 6PN accuracy the nonlocal action can be lin-
early decomposed into its 4+5+6PN piece, and its 5.5PN
piece,
S≤6PNnonloc,f = S
4+5+6PN
nonloc,f + S
5.5PN
nonloc , (2.1)
where each piece is a time-nonlocal functional of the two
worldlines (considered in the center-of-mass frame)
S4+5+6PNnonloc,f [x1(s1), x2(s2)] = −
∫
dtH4+5+6PNnonloc,f (t) , (2.2)
and
S5.5PNnonloc[x1(s1), x2(s2)] = −
∫
dtH5.5PNnonloc(t) . (2.3)
The two nonlocal Hamiltonians H4+5+6PNnonloc,f (t) and
H5.5PNnonloc(t) are given by integrals over a shifted time
t′ ≡ t + τ . The τ integral entering H4+5+6PNnonloc,f (t) is log-
arithmically divergent when τ → 0, and is defined by
introducing a specific (Hadamard Partie finie, Pf) time-
scale ∆tf = 2r
f
12(t)/c. By contrast, the τ integral enter-
ing H5.5PNnonloc(t) is convergent when τ → 0, and therefore
involves no regularization scale.
More precisely, the 4+5+6PN piece reads
H4+5+6PNnonloc,f (t) =
GM
c3
Pf2rf12(t)/c
∫
dt′
|t− t′|F
split
2PN (t, t
′) .
(2.4)
Here, M denotes the total ADM conserved mass-energy
of the binary system;
rf12(t) = f(t)r
h
12(t) , (2.5)
is a flexed version of the radial distance between the two
bodies (rh12(t) denoting the harmonic-coordinate distance
and f(t) being a function of the instantaneous state of the
system), while F split2PN (t, t′) is the time-split version of the
fractionally 2PN-accurate gravitational-wave energy flux
(absorbed and) emitted by the (conservative) system.
On the other hand, the 5.5 PN Hamiltonian is given
by the following nonlocal (second-order tail) expression
H5.5PNnonloc(t) =
B
2
(
GM
c3
)2 ∫ ∞
−∞
dτ
τ
[Gsplit(t, t+ τ)
−Gsplit(t, t− τ)] , (2.6)
with B = − 107105 . Similarly to the first-order tail effect
entering H4+5+6PNnonloc,f (t), this action involves a time-split
bilinear function of the multipole moments that is closely
linked to the gravitational-wave flux, namely
Gsplit(t, t′) = G
5c5
I
(3)
ij (t)I
(4)
ij (t
′) + . . . . (2.7)
At the present 6PN accuracy, it is enough to use
the leading-order version of the time-split function
6Gsplit(t, t′), obtained by keeping only the quadrupolar
contribution (neglecting higher multipole terms), and by
evaluating Iij(t) at the Newtonian level.
Up to the 7PN-accuracy included, each piece of the
nonlocal action can be treated as a first-order perturba-
tion of the (local) 3PN dynamics, and their contributions
to the scattering angle can be treated separately, and
then linearly added together.
The 4+5+6PN nonlocal Hamiltonian can be further
decomposed into its purely harmonic, unflexed contri-
bution H4+5+6PNnonloc,h (defined by using ∆th = 2r
h
12(t)/c as
Pf scale), and a contribution ∆f−hH(t) proportional to
ln f(t):
H4+5+6PNnonloc,f (t) = H
4+5+6PN
nonloc,h +∆
f−hH(t) . (2.8)
ReplacingM = Etotc2 = Hc2 where H is the (2PN-accurate,
as needed for the present computation) Hamiltonian, and
introducing an intermediate length scale s, we have
H4+5+6PNnonloc,h (t) = −
GH
c5
Pf2s/c
∫
dτ
|τ |F
split
2PN (t, t+ τ)
+ 2
GH
c5
F split2PN (t, t) ln
(
rh12(t)
s
)
, (2.9)
and
∆f−hH(t) = +2
GH
c5
F split2PN (t, t) ln (f(t)) . (2.10)
A. Scattering angle
As already mentioned the “f-route” local Hamiltonian
Hloc,f is defined so that
Htot = Hloc,f +Hnonloc,f , (2.11)
where Hnonloc,f is defined by Eqs. (2.8), (2.9), (2.10).
Refs. [2, 3] have determined Hloc,f at the 6PN accuracy.
In order to complete the derivation of the f-route 6PN dy-
namics we need to compute the h-route nonlocal part of
the scattering angle, say χnonloc,h, at the 6PN accuracy,
i.e., at order 1
c≤12
, and at the 6PM accuracy, i.e., at or-
derG≤6. Indeed, it is the ν-dependence of χnonloc,h which
constrains the additional, f-dependent contribution χf−h
needed to render χnonloc,f = χnonloc,h + χf−h compatible
with the particular ν-dependence of χtot pointed out in
Ref. [5].
The leading-order (LO) contribution to χnonloc,f is at
the 4PN and 4PM levels (i.e., of order G
4
c8 ). In view of
the PN and PM scalings of p∞ and
1
j recalled above,
this means that the LO contribution to χnonloc,f starts
by a contribution of order
p4∞
j4 . Beyond this order, we
can (see Eq. (1.28), which concerned χnonloc,h) write an
expansion for χnonloc,f of the type
χnonloc,f(p∞, j; ν) = ν
p4∞
j4
(
A0(p∞; ν) +
A1(p∞; ν)
p∞j
+
A2(p∞; ν)
(p∞j)2
+ · · ·
)
, (2.12)
where A0(p∞; ν), A1(p∞; ν), A2(p∞; ν), etc, are further
PN-expanded in powers of p∞. Namely:
A0(p∞; ν) = A
N
0 + η
2A1PN0 + η
4A2PN0 + · · · ,
A1(p∞; ν) = A
N
1 + η
2A1PN1 + η
3A1.5PN1 + η
4A2PN1 + · · · ,
A2(p∞; ν) = A
N
2 + η
2A1PN2 + η
3A1.5PN2 + η
4A2PN2 + · · · .
(2.13)
Here the label N (standing for Newtonian) denotes a term
of order p0∞, modulo a ln p∞ correction, while the label
1PN (respectively, 1.5PN or 2PN) denotes a term of or-
der p2∞ (respectively, p
3
∞ or p
4
∞), modulo ln p∞ correc-
tions. [As explained in the Introduction, η(= 1) is used
as a bookeeping parameter for counting the fractional
PN orders.] As we shall see the 1.5PN fractional cor-
rections come from the 5.5PN nonlocal action, and only
contribute at orders 1
j≥5
(i.e., G≥5). We recall that the
powers of 1j count the powers of G, i.e., the PM order.
It should also be noted that the product p∞j in the de-
nominators entering Eq. (2.12) scales like c0, i.e., is of
Newtonian order. Actually, at the Newtonian level, the
quantity
eN ≡
√
1 + p2∞j
2 , (2.14)
measures the eccentricity of the hyperbolic trajectory of
a scattering motion. The PM-expansion in powers of
1
j ∼ G used in Eq. (2.12) is also a large-eccentricity
expansion.
As already explained in the Introduction, the combined
PN and PM expansion of χnonloc,f , Eq. (2.12), will be
obtained by computing the various contributions to the
integrated nonlocal action,
W nonloc,fhyp (p∞, j; ν) =
∫ ∞
−∞
dtHnonloc,f(t) , (2.15)
and then by differentiating it with respect to j. We can
rewrite Eq. (1.10) (setting c = 1) as
χnonloc,f(p∞, j; ν) =
1
GM2ν
∂W nonloc,fhyp (p∞, j; ν)
∂j
.
(2.16)
In the following, we shall use the shorthand notation3
〈Hnonloc,X〉∞ ≡
∫ ∞
−∞
dtHnonloc,X(t) , (2.17)
3 Beware of distinguishing the use of the notation 〈· · · 〉∞ for an
hyperbolic-motion integral from the use of 〈· · · 〉 for denoting an
elliptic motion average.
7for the various time-integrated contributions to the non-
local Hamiltonian (where X is a label for these contribu-
tions).
The total nonlocal potential W nonloc,fhyp (p∞, j; ν) =
〈∑X Hnonloc,X〉∞ is then decomposed as
W nonloc,fhyp =W
tail,h +W tail,f−h +W 5.5PN, (2.18)
where
W tail,h ≡ 〈H4+5+6PNnonloc,h 〉∞,
W tail,f−h ≡ 〈∆f−hH(t)〉∞,
W 5.5PN ≡ 〈H5.5PNnonloc〉∞. (2.19)
For brevity, we used the label “tail” to denote the
(4+5+6PN) first-order tail contribution of Eq. (2.4),
which is proportional to GMc3 . The second-order tail con-
tribution of Eq. (2.6) (which is proportional to
(
GM
c3
)2
)
is simply denoted by the label 5.5PN because it will be
evaluated at this accuracy.
In the following sections, we shall successively com-
puteW tail,h,W tail,f−h andW 5.5PN. Of particular impor-
tance will be to control the ν-dependence of these quan-
tities. As the split fluxes F split(t, t′) and Gsplit(t, t′) con-
tain an overall factor ν2 (coming from Iij = µx
〈ixj〉+· · · ,
etc.), each contribution to W nonloc,f will contain an over-
all factor ν2. [This applies also to W tail,f−h whose role
is to compensate some terms in W tail,h.] We then see
from Eq. (2.16) that χnonloc,f contains an overall fac-
tor ν1, which has been factored out in Eq. (2.12). The
ν-dependence of the coefficients An(p∞; ν) entering the
large-eccentricity expansion (2.13) will then be gener-
ated by the ν-dependence of the solution of the hyper-
bolic motion xi(t) inserted in the computation of the (ν-
dependent) multipole moments Iij(t), etc.
III. COMPUTATION OF W tail,h ≡ 〈H4+5+6PNnonloc,h 〉∞
Let us start with the computation of the time integral
of H4+5+6PNnonloc,h (t) along a 2PN-accurate hyperboliclike mo-
tion in harmonic coordinates. The time-split version of
the fractionally 2PN-accurate gravitational-wave energy
flux F split2PN (t, t′) emitted by the system can be written as
F split2PN (t, t′) =
G
c5
[
F splitI2 (t, t
′) + η2F splitI3,J2(t, t
′)
+η4F splitI4,J3(t, t
′)
]
, (3.1)
where
F splitI2 (t, t
′) =
1
5
I
(3)
ab (t)I
(3)
ab (t
′) ,
F splitI3,J2(t, t
′) =
1
189
I
(4)
abc(t)I
(4)
abc(t
′) +
16
45
J
(3)
ab (t)J
(3)
ab (t
′) ,
F splitI4,J3(t, t
′) =
1
9072
I
(5)
abcd(t)I
(5)
abcd(t
′)
+
1
84
J
(4)
abc(t)J
(4)
abc(t
′) . (3.2)
Here η ≡ 1/c and the superscript in parenthesis de-
notes repeated time-derivatives. The multipole moments
IL, JL denote here the values of the canonical moments
ML, SL entering the PN-matched [68–72] multipolar-
post-Minkowskian (MPM) formalism [73], when they are
reexpressed as explicit functionals of the instantaneous
state of the binary system. These multipole moments
parametrize (in a minimal, gauge-fixed way) the exterior
gravitational field (and therefore the relevant coupling
between the system and a long-wavelength external radi-
ation field).
A. The 2PN-accurate n-polar moments
At the 2PN accuracy, we need the 2PN-accurate value
of the quadrupole moment expressed in terms of the ma-
terial source [74, 75]. The other moments (the electric oc-
tupole moment Iijk, electric hexadecapole moment, Iijkl ,
the magnetic quadrupole moment, Jij , and the magnetic
octupole moment, Jijk) need only to be known at the
1PN fractional accuracy [69, 70, 76]. They have the fol-
lowing explicit expressions (in the c.m. harmonic coordi-
nate frame) [77]
Iij = C1x〈ij〉 + C2v〈ij〉 + C3x〈ivj〉 ,
Iijk = B1x〈ijk〉 + B2x〈ijvk〉 +B3x〈ivjk〉 ,
Iijkl = νM(1 − 3ν)x〈ijkl〉 ,
Jij = D1L〈ixj〉 +D2L〈ivj〉 ,
Jijk = νM(1 − 3ν)L〈ixjk〉 , (3.3)
where the various coefficients (as well as the notation)
have been summarized in Table I. [See also Refs. [2, 3].]
B. The harmonic-coordinate quasi-Keplerian
parametrization of the hyperbolic motion
We need also to use the 2PN-accurate dynamics of a bi-
nary system in harmonic coordinates [6, 7], and the corre-
sponding quasi-Keplerian parametrization [78] of the hy-
perbolic motion [79] (which we checked against the 2PN
equations of motion given in Ref. [80]):
r = a¯r(er cosh v − 1) ,
ℓ = n¯(t− tP ) = et sinh v − v + ftV + gt sinV ,
φ¯ =
φ− φP
K
= V + fφ sin 2V + gφ sin 3V . (3.4)
Here, we use adimensionalized variables (and c = 1), no-
tably r = rphys/(GM), t = rphys/(GM), while V = V (v)
is given by
V = 2 arctan
[
Ωeφ tanh
v
2
]
, (3.5)
with the notation
Ωeφ =
√
eφ + 1
eφ − 1 . (3.6)
8TABLE I: Coefficients entering the multipolar moments (3.3) used in the 2PN flux. Here, xi and vi ≡ dxi
dt
denote the harmonic-
coordinate relative center-of-mass position and velocity of a two-body system, whereas Li ≡ ǫijkxjvk. We assume m1 ≤ m2.
C1 1 + η
2
[
29
42
(1− 3ν)v2 − 1
7
(5− 8ν)GM
r
]
+η4
[
GM
r
v2
(
2021
756
− 5947
756
ν − 4833
756
ν2
)
+ G
2M2
r2
(
355
252
− 953
126
ν + 337
252
ν2
)
+v2
(
253
504
− 1835
504
ν + 3545
504
ν2
)
+ GM
r
r˙2
(− 131
756
+ 907
756
ν − 1273
756
ν2
)]
C2 η
2r2
{
11
21
(1− 3ν) + η2 [GM
r
(
106
27
− 335
189
ν − 985
189
ν2
)
+ v2
(
41
126
− 337
126
ν + 733
126
ν2
)
+ r˙2
(
5
63
− 25
63
ν + 25
63
ν2
)]}
C3 2η
2rr˙
{− 2
7
+ 6
7
ν + η2
[
v2
(− 13
63
+ 101
63
ν − 209
63
ν2
)
+ GM
r
(− 155
108
+ 4057
756
ν + 209
108
ν2
)]}
B1
√
1− 4ν {−1 + η2 [GM
r
(
5
6
− 13
6
ν
)
+ v2
(− 5
6
+ 19
6
ν
)]}
B2
√
1− 4ν(1− 2ν) η2rr˙
B3 −
√
1− 4ν(1− 2ν) η2r2
D1
√
1− 4ν {−1 + η2 [GM
r
(− 27
14
− 15
7
ν
)
+ v2
(− 13
28
+ 17
7
ν
)]}
D2
√
1− 4νrr˙ (− 5
28
− 5
14
ν
)
η2
The 2PN-accurate expressions of the orbital parame-
ters n¯, a¯r, K, et, er, eφ, ft, gt, fφ, gφ are given in Ap-
pendix A as functions of the specific binding energy
E¯ ≡ (Etot −Mc2)/(µc2), Eq. (1.36), and of the dimen-
sionless angular momentum j = cJ/(GMµ), Eq. (1.37),
of the system, and in harmonic coordinates (modified
harmonic coordinates, according to the notation of Ref.
[77]). Note that, as discussed in Ref. [79], the analytic
continuation from the ellipticlike to the hyperboliclike
case (namely from E¯ < 0 to E¯ > 0) cannot be performed
in as simple a way at 2PN than at 1PN [81]. As a conse-
quence, the orbital parameters entering the hyperbolic-
motion representation (3.4) (notably n¯, et, ft and gt)
are not directly related to the analytic continuation in
E¯ of the orbital parameters, denoted in a similar way
(namely n, et, ft and gt), entering the elliptic-motion
quasi-Keplerian representation.
C. W tail,h along hyperbolic orbits: computational
details
Consider the h-route nonlocal Hamiltonian in units
G = 1 = c
H4+5+6PNnonloc,h (t) = −Htot Pf2s/c
∫ ∞
−∞
dt′
|t− t′|F
split
2PN (t, t
′)
+ 2HtotF split2PN (t, t) ln
(
rh12(t)
s
)
, (3.7)
where F split2PN (t, t′) was defined above. We need to com-
pute the integral of H4+5+6PNnonloc,h (t) along a 2PN-accurate
hyperbolic motion:
W tail,h(E, j) =
∫ ∞
−∞
H4+5+6PNnonloc,h (t)dt . (3.8)
Following the decomposition, displayed in Eq. (3.7), of
H4+5+6PNnonloc,h (t) in two terms, we correspondingly decom-
pose W tail,h(E, j) in two integrals, namely
W tail,h(E, j) =W tail,h1 (E, j) +W
tail,h
2 (E, j) , (3.9)
where
W tail,h1 (E, j) ≡ −Htot
∫ ∞
−∞
dtPf2s/c
×
∫ ∞
−∞
dt′
|t− t′|F
split
2PN (t, t
′) , (3.10)
while
W tail,h2 (E, j) ≡ 2Htot
∫ ∞
−∞
dtF split2PN (t, t) ln
(
rh12(t)
s
)
.
(3.11)
Let us consider first the term W tail,h1 . A crucial role is
played by the measure
dM(t,t′) ≡
dt dt′
|t− t′| . (3.12)
In order to compute the double integral
Pf
∫
dM(t,t′)F split2PN (t, t′), it is useful to replace the
integral over t and t′ by an integral over the variables
T ≡ tanh v
2
; T ′ ≡ tanh v
′
2
, (3.13)
where v is the hyperbolic eccentric anomaly entering the
quasi-Keplerian parametrization of the 2PN hyperbolic
motion given above. This change of variables maps the
original integration domain (t, t′) ∈ R×R onto the com-
pact domain (T, T ′) ∈ [−1, 1]× [−1, 1]. It also transforms
the singular line t = t′ into T = T ′, together with a trans-
formation of the constant cutoff |t′ − t| = 2s/c implied
by the Pf operation into a corresponding T -dependent
cutoff (see below).
We succeeded in computing, with 2PN accuracy, the
first three terms in the large-eccentricity expansion of
W tail, i.e.,
W tail,h1 = W1
tail,hLO +W1
tail,hNLO
+W1
tail,hNNLO +O(e−6r ) , (3.14)
where we used the fact that the leading order (LO) term
W1
tail,hLO starts at orderO(e−3r ) (see below). At the LO,
9and the next-to-leading order (NLO) in 1er (and
1
p∞j
),
both integrals in T ′ (with Pf) and in T can be analyt-
ically performed. At the next-to-next-to-leading order
(NNLO) in 1er , we could explicitly write down the inte-
grand to be integrated, but we could only analytically
compute part of the integral, and we had to resort to
numerical integration to evaluate the rest. During the
various computational steps we keep as fundamental ec-
centricity er, but, at the end, we express the final result
in terms of an expansion in powers of 1p∞j (as in Eq.
(2.13)). Some details follow.
The 2PN-exact relation t vs T is given by
tphys
M
≡ t = 2
n¯
[
et
T
(1 − T 2) − arctanh(T )
+ ftarctan
(
ΩeφT
)
+gt
ΩeφT
1 + Ω2eφT
2
]
, (3.15)
with a corresponding expression for t′ vs T ′. One then
forms |t− t′|, whose eccentricity expansion reads
|t− t′| = |T − T ′| 1 + TT
′
(1− T 2)(1 − T ′2) a¯
3/2
r er
×
[
2− (1 + 2ν)η
2
a¯r
+
8ν2 − 8ν − 1
4
η4
a¯2r
]
×
[
1 +
1
er
P1 + 1
e2r
P2 +O
(
1
e3r
)]
, (3.16)
with P1 and P2 of the form
P1 = P10(T, T ′) + P12(T, T ′)η
2
a¯r
+ P14(T, T ′)η
4
a¯2r
,
P2 = P24(T, T ′)η
4
a¯2r
. (3.17)
The coefficients Pnm(T, T ′) entering P1 and P2 read
P10(T, T ′) = − (1− T
′2)(1 − T 2)
(TT ′ + 1)(T − T ′)K(T, T
′) ,
P12(T, T ′) = −1
8
(1 − T ′2)(1 − T 2)(12ν − 32)
(TT ′ + 1)(T − T ′) K(T, T
′) ,
P14(T, T ′) = −1
8
(1− T ′2)(1− T 2)
(TT ′ + 1)(T − T ′) (3ν
2 − 29ν)K(T, T ′) + 1
8
(−15 + ν)ν(TT ′ − 1)(1− T ′2)(1− T 2)
(1 + T ′2)(1 + T 2)(TT ′ + 1)
,
P24(T, T ′) = −3
2
(1 − T ′2)(1 − T 2)(−5 + 2ν)
(TT ′ + 1)(T − T ′) κ(T, T
′)
− 1
8(1 + T ′2)2(1 + T 2)2
(16− 2ν2T 2 + ν2T 4 − 2ν2T ′2 + ν2T ′4 − 172νT 2T ′2
−26νT 2T ′4 − 26νT 4T ′2 − 43νT 4T ′4 − 43νT 4 − 4ν2TT ′ − 26νT ′2
−43νT ′4 − 26νT 2 + 60νTT ′ + 4ν2T 3T ′ + 4ν2TT ′3 − 4ν2T 3T ′3 + ν2 − 43ν + 64T 2T ′2
+32T 2T ′4 + 32T 4T ′2 + 16T 4T ′4 + 32T 2 + 16T 4 + 32T ′2 + 16T ′4 + 4ν2T 2T ′2 − 2ν2T 2T ′4
−2ν2T 4T ′2 + ν2T 4T ′4 − 60νTT ′3 − 60νT 3T ′ + 60νT 3T ′3) . (3.18)
Here, we used the notation
κ(T, T ′) ≡ arctan(T )− arctan(T ′) ,
K(T, T ′) ≡ arctanh(T )− arctanh(T ′) . (3.19)
These relations imply for the reexpression of the measure,
Eq. (3.12), in the T − T ′ plane4,
dM(T,T ′) =
1
|t(T )− t′(T ′)|
dt
dT
dt′
dT ′
dTdT ′ , (3.20)
4 Note that the measure dM(T,T ′) is a symmetric function of T
and T ′.
the following (schematic) expression
dM(T,T ′) = 2era¯3/2r
[
1− 1 + 2ν
2a¯r
η2 − 1 + 8ν − 8ν
2
8a¯2r
η4
]
× (1 + T
′2)(1 + T 2)dTdT ′
(1− T ′2)(1 − T 2)(1 + TT ′)|T − T ′|
×
(
1 +
M1
er
+
M2
e2r
+O
(
1
e3r
))
, (3.21)
where we have explicitly shown only the LO contri-
bution in the large-eccentricity expansion. The NLO
and NNLO contributions (described by the coefficients
M1(T, T ′; ν, η) and M2(T, T ′; ν, η)) have large expres-
sions that we do not explicitly display here. Let
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us simply note that M1(T, T ′; ν, η) involves the func-
tion K(T, T ′) linearly, while M2(T, T ′; ν, η) involves
K(T, T ′), K2(T, T ′) and κ(T, T ′) (defined in Eq. (3.19)).
Similarly to the measure dM(T,T ′), we expand, in the
following, many quantities in inverse powers of the eccen-
tricity er. For instance, the first three terms of the large-
eccentricity expansion of the 2PN-accurate split-flux in-
tegrand F split2PN (T, T ′) will be denoted as
F split2PN (T, T ′) = FLO2PN + FNLO2PN + FNNLO2PN + · · · . (3.22)
In the following, we reserve the notation LO, NLO,
NNLO to the first three terms in expansion in e−1r . Note
that each term in this expansion is itself PN-expanded
in powers of η = 1c up to the 2PN fractional accuracy, so
that we have (for n = 0, 1, 2)
FNnLO2PN = FN
nLO
0 +η
2FNnLO2 +η4FN
nLO
4 +O(η
6) . (3.23)
The LO term in the eccentricity expansion of F split2PN (T, T ′)
is of order e−4r . Therefore, the full structure of the double
expansion in η = 1c and in e
−1
r of the split-flux reads
F split2PN (T, T ′) =
2∑
k=0
6∑
m=4
η2ke−mr F(2k,−m) , (3.24)
where k = 0, 1, 2 counts the (fractional) PN order, while
m = 4, 5, 6 indicates the eccentricity order. Let us note
in passing that the 1PN terms F(2,−m) are linear in ν,
while the 2PN ones F(4,−m) are quadratic in ν.
The structure of the expansion coefficients F(2k,−m) ≡
F(2k,−m)(T, T ′) is described in Table II. The explicit ex-
pressions of the polynomials P
(n,−m)
N (T, T
′), appearing
as coefficients in Table II, are given in Table III for the
Newtonian-level case (n = 0). All these polynomials are
either symmetric in T, T ′, or antisymmetric when they
appear multiplied by κ(T, T ′).
Multiplying dM(T,T ′) and F2PN(T, T ′) yields an inte-
grand that we denote as
dM(T,T ′)F split2PN (T, T ′) = G(T, T ′)
dTdT ′
|T − T ′| , (3.25)
where the (2PN-accurate) function G(T, T ′) is expanded
only up to the (fractional) second order in e−1r , say
G(T, T ′) = GLO(T, T ′) + GNLO(T, T ′)
+GNNLO(T, T ′) + · · · . (3.26)
As before, the notation LO, NLO, NNLO refers to the
expansion in powers of e−1r (starting at order e
−3
r and
extending up to order e−5r ).
The function G(T, T ′) (which should not be confused
with the time-split function entering Eq. (2.6)) is sym-
metric in T and T ′. In addition, we recall that each term
in Eq. (3.26) is itself PN-expanded with fractional 2PN
accuracy, so that GNnLO = GNnLO0 +η2GN
nLO
2 +η
4GNnLO4 +
O(η6).
The original integral was singular at t = t′, i.e., along
the bisecting line of the t − t′ plane. This singular line
becomes the bisecting line in the plane T − T ′, but
endowed with a T−dependent slit, which is identified
from the relation dT = f(T )dt. Here, the Jacobian
f(T ) = dT/dt admits also an expansion in powers of e−1r ,
say f(T ) = fLO(T ) + fNLO(T ) + fNNLO(T ) + O(e−4r ),
where, for example, the LO term in the expansion in e−1r
reads
fLO(T ) =
n¯
2er
(1 − T 2)2
1 + T 2
. (3.27)
Note that, because of our use of the quasi-Keplerian rep-
resentation, this Newtonian-looking O(e−1r ) expression is
PN exact. The fractional PN corrections only enter the
higher-order corrections in e−1r .
As explained in Ref. [2], when considering the partie-
finie integral giving the first part W tail,h1 of W
tail,h, Eq.
(3.9), the width of the slit around the bisecting line T =
T ′ defined by the partie-finie procedure is dT = f(T )ǫ
where ǫ is initially considered as being infinitesimal, be-
fore replacing it by the finite value 2s/c at the end. This
leads to the following partie-finie integral
I(T ) = Pf2sf(T )/c
∫ 1
−1
dT ′
G(T, T ′)
| − T ′ + T |
=
∫ 1
−1
dT ′
G(T, T ′)− G(T, T )
| − T ′ + T |
+G(T, T )
[∫ T−ǫf(T )
−1
dT ′
T − T ′
+
∫ 1
T+ǫf(T )
dT ′
T ′ − T
]
ǫ 7→2s/c
. (3.28)
Defining
q(T, T ′) = G(T, T ′)− G(T, T ) , (3.29)
the above expression can be rewritten as
I(T ) =
∫ 1
−1
dT ′
q(T, T ′)
| − T ′ + T |
+G(T, T ) ln
(
1− T 2
ǫ2f2(T )
)
, (3.30)
where ǫ = 2s/c. Note that q(T, T ′) is not (contrary to
G(T, T ′)) a symmetric function of T and T ′. As we are
going to integrate I(T ) over a (T, T ′)-symmetric domain,
one could replace q(T, T ′) by its symmetric part.
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TABLE II: Structure of the terms F(n,−m) ≡ F(ηn,e−mr ) entering the large-eccentricity expansion of the 2PN-accurate harmonic
coordinate flux, Eq. (3.24). Here, P
(n,−m)
N (T, T
′) denotes an N-degree polynomial in T and T ′ entering F(n,−m).
F(0,−4) 3215ν2 (1−T
2)2(1−T ′2)2
a¯5r(1+T
2)5(1+T ′2)5
P
(0,−4)
12 (T, T
′)
F(0,−5) − 645 ν2 (1−T
2)2(1−T ′2)2
a¯5r(1+T
2)6(1+T ′2)6
[(TT ′)2 − 1]P (0,−5)12 (T, T ′)
F(0,−6) 325 ν2 (1−T
2)2(1−T ′2)2
a¯5r(1+T
2)7(1+T ′2)7
P
(0,−6)
20 (T, T
′)
F(2,−4) − 2105 ν2 (1−T
2)2(1−T ′2)2
a¯6r(1+T
2)7(1+T ′2)7
P
(2,−4)
20 (T, T
′)
F(2,−5) 16105ν2 (1−T
2)2(1−T ′2)2
a¯6r(1+T
2)8(1+T ′2)8
P
(2,−5)
24 (T, T
′)
F(2,−6) − 4105 ν2 (1−T
2)2(1−T ′2)2
a¯6r(1+T
2)9(1+T ′2)9
[P
(2,−6)
27 (T, T
′)κ(T, T ′) + P
(2,−6)
28 (T, T
′)]
F(4,−4) − 4315 ν2 (1−T
2)2(1−T ′2)2
a¯7r(1+T
2)9(1+T ′2)9
P
(4,−4)
26 (T, T
′)
F(4,−5) 8945ν2 (1−T
2)2(1−T ′2)2
a¯7r(1+T
′2)10(1+T2)10
P
(4,−5)
32 (T, T
′)
F(4,−6) 22835ν2 (1−T
2)2(1−T ′2)2
a¯7r(1+T
2)11(1+T ′2)11
[P
(4,−6)
35 (T, T
′)κ(T, T ′) + P
(4,−6)
36 (T, T
′)]
TABLE III: Explicit expressions of the various polynomials P
(n,−m)
N (T, T
′) parametrizing the structure displayed in Table II
in the Newtonian limit n = 0. We have checked the symmetry property of these polynomials when exchanging T and T ′.
P
(0,−4)
12 (T, T
′) sym (−3− 15T ′4 + 3T ′6 + 15T ′2)T 6 + (37T ′5 + 37T ′ − 52T ′3)T 5 + (−75T ′2 − 15T ′6 + 15 + 75T ′4)T 4
+(−52T ′ − 52T ′5 + 76T ′3)T 3 + (75T ′2 − 75T ′4 − 15 + 15T ′6)T 2 + (37T ′5 + 37T ′ − 52T ′3)T
+3− 15T ′2 + 15T ′4 − 3T ′6
P
(0,−5)
12 (T, T
′) sym (−10− 22T ′4 + 3T ′6 + 25T ′2)T 6 + (−90T ′3 + 51T ′5 + 69T ′)T 5 + (−122T ′2 − 22T ′6 + 25 + 131T ′4)T 4
+(−90T ′ − 90T ′5 + 120T ′3)T 3 + (131T ′2 − 122T ′4 − 22 + 25T ′6)T 2 + (69T ′5 + 51T ′ − 90T ′3)T
+3− 22T ′2 + 25T ′4 − 10T ′6
P
(0,−6)
20 (T, T
′) sym (20T ′10 − 2 + 26T ′2 − 182T ′4 + 290T ′6 − 200T ′8)T 10
+(−128T ′3 + 21T ′ − 1024T ′7 + 904T ′5 + 443T ′9)T 9
+(−910T ′6 + 262T ′2 + 1420T ′8 − 200T ′10 + 26− 134T ′4)T 8
+(−1024T ′9 − 128T ′ + 1120T ′5 − 1700T ′3 + 228T ′7)T 7
+(−134T ′2 − 910T ′8 + 2388T ′4 − 1740T ′6 − 182 + 290T ′10)T 6
+(904T ′9 + 1120T ′7 − 1728T ′5 + 1120T ′3 + 904T ′)T 5
+(−182T ′10 + 2388T ′6 − 134T ′8 − 1740T ′4 − 910T ′2 + 290)T 4
+(−1024T ′ + 1120T ′5 − 128T ′9 + 228T ′3 − 1700T ′7)T 3
+(−200− 134T ′6 + 262T ′8 + 1420T ′2 − 910T ′4 + 26T ′10)T 2
+(904T ′5 + 21T ′9 − 1024T ′3 − 128T ′7 + 443T ′)T
+20 + 290T ′4 − 182T ′6 − 200T ′2 + 26T ′8 − 2T ′10
Further integration in T gives
J ≡
∫ 1
−1
I(T )dT
=
∫ 1
−1
dT
∫ 1
−1
dT ′
q(T, T ′)
| − T ′ + T |
−2 ln
(
2s
c
)∫ 1
−1
dTG(T, T )
+
∫ 1
−1
dTG(T, T ) ln
(
1− T 2
f2(T )
)
. (3.31)
So far, we only discussed the first termW tail,h1 inW
tail.
The second term is easier to evaluate because it is given
by a simple integral, namely (using as above G = 1 = c)
W tail,h2 = 2H
∫ +∞
−∞
dtF split2PN (t, t) ln
(
rh12(t)
s
)
. (3.32)
Again, we use the quasi-Keplerian representation of the
hyperbolic motion, and therefore replace the integration
with respect to t by an integration with respect to T ,
using the explicit functional link t = F (T ) given in Eq.
(3.15).
Because of the presence of the logarithm of rh12(t), the
integral W tail,h2 , Eq. (3.32), cannot be computed as an
exact function of the energy and angular momentum.
However, like W tail,h1 , one can compute the first three
12
terms in its expansion in powers of e−1r , i.e.,
W tail,h2 = W2
tail,hLO +W2
tail,hNLO
+W2
tail,hNNLO +O(e−6r ) . (3.33)
The LO term W2
tail,hLO starts at order O(e−3r ).
In the next subsection we illustrate the results of the
computation of W tail,h.
D. Value of W tail,h up to the NNLO in e−1r and at
the fractional 2PN accuracy
Let us recap the methodology used in the present Sec-
tion. We have been considering the time integral of the
first-order-tail harmonic, nonlocal Hamiltonian,
W tail,h =
∫ +∞
−∞
dtH4+5+6PNnonloc,h (t)
= W tail,h1 +W
tail,h
2 , (3.34)
where the decomposition in the two contributions,W tail,h1
and W tail,h2 was defined in Eqs. (3.9), (3.10),(3.11).
Using the quasi-Keplerian representation of the hyper-
bolic motion, we could compute the first three terms in
the large-er expansion of W
tail,h, say
W tail,h = W tail,hLO +W tail,hNLO
+W tail,hNNLO +O(e−6r ) , (3.35)
where each contribution, W tail,hN
nLO, is itself computed
as a fractionally 2PN-accurate expression:
W tail,hN
nLO = W tail,hN
nLO
η0 + η
2W tail,hN
nLO
η2
+W tail,hN
nLO
η4 +O(η
6) . (3.36)
The 2PN-accurate values of the two contributions to
W tail,h at the LO in e−1r are easily computed. They read,
respectively,
W tail,hLO1 =
2
15
πMν2
e3ra¯
7/2
r
Hreal
{
100 + 37 ln
(
s
4era¯
3/2
r
)
+
[
685
4
− 1017
14
ν +
(
3429
56
− 37
2
ν
)
ln
(
s
4era¯
3/2
r
)]
η2
a¯r
+
[
3656939
8064
− 18181
72
ν +
235453
4032
ν2 +
(
114101
672
− 7055
112
ν +
111
8
ν2
)
ln
(
s
4era¯
3/2
r
)]
η4
a¯2r
}
, (3.37)
and
W tail,hLO2 =
2
15
πMν2
e3ra¯
7/2
r
Hreal
{
−85
4
− 37 ln
(
s
2era¯r
)
+
[
−9679
224
+
981
56
ν +
(
−3429
56
+
37
2
ν
)
ln
(
s
2era¯r
)]
η2
a¯r
+
[
−1830565
16128
+
54899
1152
ν − 29969
4032
ν2 +
(
−114101
672
+
7055
112
ν − 111
8
ν2
)
ln
(
s
2era¯r
)]
η4
a¯2r
}
. (3.38)
It is easily seen that the intermediate scale s cancells
between the two contributions. The same will hold at
the NLO and NNLO levels.
The extension of these results to the NLO level is sig-
nificantly more involved (especially for the 1PN and 2PN
corrections). In fact, though the first integration over T ′
in the split-flux integrals is found to be relatively straight-
forward (in spite of the presence of the transcendental
functions K(T, T ′) and κ(T, T ′), Eq. (3.19)), the subse-
quent integration over T is significantly more difficult be-
cause of the presence of poly-logarithmic functions. How-
ever, we have been able to analytically compute the 2PN-
accurate NLO value of W tail,h1 . The 2PN-accurate NLO
values of W tail,h1 and W
tail,h
2 read, respectively,
W tail,hNLO1 =
2
15
Mν2
e4ra¯
7/2
r
Hreal
{
2224
9
+
1568
3
ln
(
4s
era¯
3/2
r
)
+
[
−28072
225
− 38872
63
ν +
(
944
105
− 1136
3
ν
)
ln
(
4s
era¯
3/2
r
)]
η2
a¯r
+
[
−67489874
77175
− 3115726
3675
ν +
165086
315
ν2 +
(
419036
735
− 3244
7
ν +
764
3
ν2
)
ln
(
4s
era¯
3/2
r
)]
η4
a¯2r
}
, (3.39)
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and
W tail,hNLO2 =
2
15
Mν2
e4ra¯
7/2
r
Hreal
{
2768
9
− 1568
3
ln
(
2s
era¯r
)
+
[
−64904
225
− 5992
45
ν +
(
−944
105
+
1136
3
ν
)
ln
(
2s
era¯r
)]
η2
a¯r
+
[
−2925494
77175
− 542014
2205
ν +
145498
735
ν2 +
(
−419036
735
+
3244
7
ν − 764
3
ν2
)
ln
(
2s
era¯r
)]
η4
a¯2r
}
. (3.40)
By contrast, at the NNLO level, we encountered integrals
of the type∫ 1
−1
dT
∫ 1
−1
dT ′
|T − T ′|
[
f2(T, T
′)K2(T, T ′)
+f1(T, T
′)K(T, T ′) + f0(T, T
′)] , (3.41)
where K(T, T ′) is defined in Eq. (3.19), and where the
fj(T, T
′) are rather complicated rational functions of T
and T ′. For instance, even at the Newtonian level (i.e.,
the lowest order in η) we had to deal with the integrand
qN(T, T ′) = fN2 (T, T
′)K2(T, T ′) + fN1 (T, T
′)K(T, T ′) +
fN0 (T, T
′) with rational coefficients fN2 (T, T
′), fN1 (T, T
′)
and fN0 (T, T
′) given by
fN2 (T, T
′) =
64
15
(1 − T ′2)3(1− T 2)3
(1 + T 2)4(1 + T ′2)4(T − T ′)2(TT ′ + 1)3P
f2
10 (T, T
′) ,
fN1 (T, T
′) = −128
15
(1− T 2)2(1− T ′2)2(TT ′ − 1)
(1 + T ′2)5(1 + T 2)5(T − T ′)(TT ′ + 1)P
f1
12 (T, T
′) ,
fN0 (T, T
′) = −64
15
(1− T 2)
(1 + T ′2)6(1 + T 2)7(TT ′ + 1)
P f024 (T, T
′) . (3.42)
where the polynomials P f210 (T, T
′), P f112 (T, T
′) and
P f024 (T, T
′) are displayed in Table IV. We had to resort
to numerical integration to evaluate some terms.
Our final results for the 2PN-accurate NNLO values of
W tail,h1 and W
tail,h
2 read, respectively,
W tail,hNNLO1 =
2
15
πMν2
e5ra¯
7/2
r
Hreal
{
5997
8
+
2529
4
ln(2)− 15
2
c00 +
843
2
ln
(
s
4era¯
3/2
r
)
+
[
−400845
448
− 200997
224
ln(2)− 15
2
c20 +
(
−51711
112
− 5481
8
ln(2)− 15
2
c21
)
ν
+
(
−66999
112
− 1827
4
ν
)
ln
(
s
4era¯
3/2
r
)]
η2
a¯r
+
[
−165424487
96768
− 442237
896
ln(2)− 15
2
c40 +
(
22110289
16128
+
86205
64
ln(2)− 15
2
c41
)
ν
+
(
−321757
896
+
13491
32
ln(2)− 15
2
c42
)
ν2 +
(
−442237
1344
+
28735
32
ν +
4497
16
ν2
)
ln
(
s
4era¯
3/2
r
)]
η4
a¯2r
}
,
(3.43)
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TABLE IV: Polynomial expressions entering the Newtonian level integral of Eq. (3.42).
P f210 (T, T
′) 3− 15T 2 + 15T 4 − 3T 6 − 15T ′2 + 15T ′4 − 3T ′6 + 37TT ′ + 75T 4T ′4 − 15T 6T ′4 − 75T ′4T 2 + 15T ′6T 2
−75T 4T ′2 + 75T ′2T 2 − 15T 4T ′6 + 3T 6T ′6 + 76T 3T ′3 − 52T 3T ′ − 52T 5T ′3 + 15T 6T ′2 + 37T 5T ′ + 37T 5T ′5
−52T ′3T − 52T 3T ′5 + 37T ′5T ]
P f112 (T, T
′) 6− 51T 2 + 60T 4 − 27T 6 − 51T ′2 + 60T ′4 − 27T ′6 + 116TT ′ + 318T 4T ′4 − 51T 6T ′4 − 291T ′4T 2
+60T ′6T 2 − 291T 4T ′2 + 318T ′2T 2 − 51T 4T ′6 + 6T 6T ′6 + 284T 3T ′3 − 218T 3T ′ − 218T 5T ′3 + 60T 6T ′2
+170T 5T ′ + 116T 5T ′5 − 218T ′3T − 218T 3T ′5 + 170T ′5T
P f024 (T, T
′) 15− 411T 7T ′13 + 411T 5T ′13 − 207T 3T ′13 + 42TT ′13 + 207T 9T ′13 − 42T 11T ′13 + 117T 2
+180T 4 − 579T 6 + 558T 8 + 630T ′2 − 303T ′4 + 1836T ′6 + 153T ′8 − 712TT ′ + 12636T 4T ′4 − 9357T 6T ′4
+651T ′4T 2 − 4836T ′6T 2 + 1716T 4T ′2 − 4050T ′2T 2 − 1920T 4T ′6 − 8220T 6T ′6 − 4365T 2T ′8
+10356T ′8T 4 − 2973T ′8T 6 − 1086T ′4T 8 + 14280T ′6T 8 + 432T ′2T 8 − 3366T 8T ′8
+60T ′12T 4 + 438T 8T ′12 + 27T 12T ′12 − 102T 10 + 3T 12 + 318T ′10 + 39T ′12 − 147T 2T ′12 − 243T ′12T 6
−366T ′12T 10 + 630T 10T ′4 + 106T 11T ′3 + 4788T 9T ′3 − 68T 11T ′ + 513T 9T ′ + 272T ′9T − 6157T 7T ′5
−12292T 7T ′7 − 876T ′2T 10 − 144T ′6T 10 + 2556T ′10T 10 − 4650T ′10T 6 − 618T ′10T 2 + 3056T ′7T + 326T 7T ′3
−1963T 7T ′ − 66T 12T ′2 + 477T 12T ′4 − 4911T 9T ′5 − 2846T 11T ′5 − 3181T 7T ′9 − 4386T 10T ′8 + 1992T 8T ′10
+2895T 9T ′9 + 9804T 9T ′7 + 933T 12T ′8 − 3428T 11T ′9 + 3088T 11T ′7 − 996T 12T ′6 − 2626T 7T ′11 − 48T 9T ′11
−378T 12T ′10 + 502T 11T ′11 + 278T ′11T + 8212T 5T ′7 + 3876T 3T ′7 + 3276T 4T ′10 + 3373T 5T ′9
−6651T 3T ′9 + 4018T 5T ′11 − 1548T 3T ′11 − 1032T 3T ′3 + 1083T 3T ′ − 518T 5T ′3 − 282T 6T ′2 + 571T 5T ′
+10237T 5T ′5 + 3050T ′3T − 8769T 3T ′5 − 3298T ′5T
and
W tail,hNNLO2 =
2
15
πMν2
e5ra¯
7/2
r
Hreal
{
−3419
8
− 843
2
ln
(
s
2era¯r
)
+
[
103645
448
+
56559
112
ν +
(
66999
112
+
1827
4
ν
)
ln
(
s
2era¯r
)]
η2
a¯r
+
[
2467109
13824
− 3706175
5376
ν − 1577635
8064
ν2 +
(
442237
1344
− 28735
32
ν − 4497
16
ν2
)
ln
(
s
2era¯r
)]
η4
a¯2r
}
.
(3.44)
The coefficients c00, c20, c21, c40, c41, and c42 entering
W tail,hNNLO1 have been numerically computed. Our es-
timates of their values are listed in Table V. From some
numerical studies (increasing the working precision used
in the computation), and by comparing with the exact
values of c00 and c21 given below, we estimate that the
latter values have an absolute numerical error of order
1× 10−8. We accordingly cite eight digits after the deci-
mal point.
E. Computation of W tail,h(E, j) in the frequency
domain
So far, we have discussed the direct time-domain ap-
proach to the computation of the integrated tail action
W tail,hNNLO. It was shown in Ref. [52] that W tail,h has
a simple expression in the frequency-domain. Let us now
briefly discuss the method we used to tackle, in paral-
lel, the computation of W tail,h(E, j) in the frequency do-
TABLE V: Detailed results from numerical integration. See,
however, below for the exact values of c00 and c21.
coefficient numerical value
c00 −49.20484109
c20 +115.95128578
c21 +161.90919858
c40 +22.31105671
c41 −116.85535736
c42 −209.81006553
main. The use of this method allowed us to go beyond
the results obtained by the direct time-domain approach
presented in the previous subsection. In particular, we
succeeded in analytically computing two of the NNLO
integrals entering W tail,hNNLO1 (namely c00 and c21) by
working in the frequency domain, while we could not
compute them in the time domain. There remain four
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other integrals (one at the 1PN level, and three at the
2PN level) in W tail,hNNLO1 that we were still unable to
compute analytically.
Let us start by presenting the analytical values we
obtained for the two parameters c00 and c21, which
could only be numerically estimated in the time-domain,
but which could be obtained in the frequency domain.
Namely,
c00 =
1039
60
+
843
10
ln(2)− 2079
20
ζ(3)
= −49.2048410955697697167634473834 . . . ,(3.45)
and
c21 = −1827
20
ln(2) +
21867
280
+
612
5
ζ(3)
= 161.909198574011907946235225245 . . . .(3.46)
Note the remarkable presence of ζ(3) in these expressions.
These analytical results are in agreement (within ±1 ×
10−8) with the numerical ones listed in Table V.
Let us now sketch our frequency-domain approach, rel-
egating most details to Appendices B and C. We recall
that the tail potential W tail,h(E, j), Eq. (3.8), com-
puted along hyperbolic motion, can be split into two
terms, Eq. (3.9), namely W tail,h1 (E, j), Eq. (3.10),
and W tail,h2 (E, j), Eq. (3.11). Both W
tail,h
1 (E, j) and
W tail,h2 (E, j) can be evaluated in the frequency domain,
after Fourier-transforming the various multipolar mo-
ments. This frequency-domain approach turns out to be
more convenient in the case of W tail,h1 (E, j) because the
logarithmic term in W tail,h2 (E, j) complicates matters.
The first step is to Fourier transform5 the multipolar
moments. For example,
Iab(t) =
∫
dω
2π
e−iωtIˆab(ω) , (3.47)
where
Iˆab(ω) =
∫
dt
dv
eiωt(v)Iab(t)|t=t(v) dv , (3.48)
with the associated PN expansion
Iˆab(ω) = Iˆ
N
ab(ω) + η
2Iˆ1PNab (ω)
+η4Iˆ2PNab (ω) +O(η
6) . (3.49)
The PN expansion6 of the exponential term eiωt(v) gives
eiωt(v) = eq sinh v−pv(1 + b2η
2 + b4η
4) , (3.50)
where
u ≡ ωera¯3/2r ; q ≡ i u ; p ≡
q
er
= i
u
er
, (3.51)
5 In the following, we use GM = 1, i.e., we work with GM -rescaled
time and frequency variables.
6 We take er and a¯r , defined in Table II, as fundamental variables.
and
b2 = − iω
√
a¯r
2
[(2ν + 1)er sinh v + (ν − 9)v] ,
b4 =
iω
8(e2r − 1)
√
a¯r
×
[
b40 + b41arctan
(√
er − 1
er + 1
tanh
v
2
)]
,
(3.52)
with
b40 = (e
2
r − 1)
[
−4i
√
a¯r
ω
b22 + v(ν
2 + 11ν − 15)
− ν(ν − 15)er sinh v
er cosh v − 1
]
+ 12v(4− 7ν)
+ 8er
[(
ν2 − ν − 1
8
)
e2r − ν2 +
9
2
ν − 15
8
]
sinh v ,
b41 = −48
√
e2r − 1
(
ν − 5
2
)
. (3.53)
Moreover,
dt
dv
= (er cosh v − 1)a¯3/2r + c2η2 + c4η4 , (3.54)
with
c2 = −1
2
√
a¯r[(2ν + 1)er cosh v + ν − 9] ,
c4 =
1
8
√
a¯r
{
ν2 + 11ν − 15− er cosh v(1 + 8ν − 8ν2)
− 44− 7ν
e2r − 1
(er cosh v − 3) + ν
2 − 39ν + 60
er cosh v − 1
+
ν(15− ν)(e2r − 1)
(er cosh v − 1)2
}
. (3.55)
The computation is done by using the integral represen-
tation of the Hankel functions of the first kind of order p
and argument q (with Eqs. (3.51))
H(1)p (q) =
1
iπ
∫ ∞
−∞
eq sinh v−pvdv . (3.56)
As the argument q = iu of the Hankel function is purely
imaginary, the Hankel function becomes converted into a
Bessel K function, according to the relation
H(1)p (iu) =
2
π
e−i
pi
2
(p+1)Kp(u) . (3.57)
Note that the order p = iu/er of the Bessel functions
is purely imaginary, and proportional to the (frequency-
dependent) argument u = ωera¯
3/2
r . However, the order
p tends to zero when er → ∞, which allows some inte-
grals to be explicitly computed when performing a large-
eccentricity expansion.
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Actually, the computation gives rise to several Bessel
functions having the same argument u but various orders
differing by integers. However, standard identities valid
for Bessel functions allows one to reduce the orders to
either p or p+ 1. When taking the large-eccentricity ex-
pansion, one then expands with respect to the order of
the Bessel functions. This gives rise, at LO, to K0(u),
and K1(u), and at NLO and NNLO to derivatives of
K0(u), and K1(u) with respect to their orders. Such
an expansion is explicitly shown below in Eqs. (B12),
while studying the Newtonian limit, and several useful
relations are listed in Appendix B.
Using (γ = 0.577215 . . .)
PfT
∫ ∞
0
dτ
cosωτ
τ
= − ln(|ω|Teγ) , (3.58)
we find (see Section V of Ref. [52] for details)
W tail,h1 (E, j) =
G2H
πc5
2ν2
∫ ∞
0
dωK(ω) ln
(
ω
2s
c
eγ
)
,
(3.59)
where
K(ω) = 1
5
ω6|Iˆab(ω)|2
+ η2
[
ω8
189
|Iˆabc(ω)|2 + 16
45
ω6|Jˆab(ω)|2
]
+ η4
[
ω10
9072
|Iˆabcd(ω)|2 + ω
8
84
|Jˆabc(ω)|2
]
.
(3.60)
Here, the frequency-domain multipole moments are also
given in a PN-expanded form, e.g.,
Iˆab(ω) = Iˆ
N
ab(ω) + η
2Iˆ1PNab (ω) + η
4Iˆ2PNab (ω) +O(η
6) .
(3.61)
The expression, Eq. (3.59), for W tail,h1 (E, j) is closely
related to the total energy flux emitted during the scat-
tering process
∆EGW =
G2H
πc5
ν2
∫ ∞
0
dωK(ω) . (3.62)
However, it crucially differs from it by the presence of
the logarithmic term ln
(
ω 2sc e
γ
)
, which is characteristic
of the tail in the frequency domain [82].
It is convenient to replace the integration over the fre-
quency ω by an integration over the variable u, using
ω =
u
era¯
3/2
r
. (3.63)
The result is the following
W tail,h1 (E, j) =
G2H
πc5
2ν2
era¯
3/2
r
∫ ∞
0
duK(u) ln (uα) ,
(3.64)
with
K(u) = K(ω)∣∣
ω=u/(er a¯
3/2
r )
, (3.65)
and
α =
2s
cera¯
3/2
r
eγ . (3.66)
The integral in Eq. (3.64) requires special care to be
performed, even in the Newtonian limit7 where
[K(ω)]η=0 = 1
5
ω6|IˆNab(ω)|2 . (3.67)
In the Newtonian limit, η → 0, we have (in units of
G = c = 1, but putting back the appropriate power of
M)
W tail,h,N1 (E, j) =
2
5
M2
π
ν2
e7ra¯
21/2
r
∫ ∞
0
duIN(u) ln (uα) ,
(3.68)
with
IN(u) ≡ u6|IˆNab(ω)|2
∣∣∣∣
ω=u/(er a¯
3/2
r )
. (3.69)
At this Newtonian level, IN(u) can be given a very com-
pact form in terms of Bessel Kν(u) functions
IN(u) = 64ν
2
p4
a¯7ru
2e−ipπ[AK2p+1(u)
+BKp(u)Kp+1(u) + CK
2
p(u)] , (3.70)
where p = iu/er and
A =
u2
2
(p2 + u2)(p2 + u2 + 1) ,
B = −u(p2 + u2)
[(
p− 3
2
)
u2 + p(p− 1)2
]
,
C =
u6
2
+
(
2p2 − 3
2
p+
1
6
)
u4 +
(
5
2
p2 − 7
2
p+ 1
)
p2u2
+p4(p− 1)2 . (3.71)
Indeed, Eq. (3.70) implies that IN(u) is quadratic in
Kp(u), and Kp+1(u). Furthermore, p is purely imaginary
and enters both the coefficients A, B, C and the order of
the Bessel K functions.
However, even at this Newtonian order, the integration
variable (u) appears both in the argument (u) and in the
order (p = iu/er) of the Bessel functions. The compu-
tation proceeds then by expanding the integrand in the
7 At the Newtonian level, η → 0, all eccentricities agree: et = er =
eφ = e. However, we will continue to denote the eccentricity as
er to avoid confusion with the exponentials.
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large eccentricity limit, with the useful consequence of
removing, at leading order in 1er , the u-dependence from
the orders of the Bessel functions, reducing them either
to 0 or to 1. At the NLO in 1er , there appears the first
derivative of Kν(u) with respect to the order ν, around
the two values ν = 0 and ν = 1. Luckily, these first
derivatives can be explicitly computed, namely (see Eqs.
9.1.66-9.1-68 of Ref. [83])
∂Kν(u)
∂ν
∣∣∣∣∣
ν=0
= 0 ,
∂Kν(u)
∂ν
∣∣∣∣∣
ν=1
=
1
u
K0(u) . (3.72)
However, at the NNLO in the 1er expansion, there ap-
pears the second derivative of Kν(u) with respect to the
order ν. Though there exist explicit representations for
the latter (see Appendix B), they introduce a level of
complexity which did not allow us to fully compute the
NNLO expansion ofW tail,h,N1 (E, j), even at the presently
discussed Newtonian level, η → 0.
When going beyond the Newtonian level, the Fourier
transforms
eq sinh v−(p+k)v → 2e−ipi2 (p+k)Kp+k(u) , (3.73)
become replaced by Fourier transforms of
vneq sinh v−(p+k)v and eq sinh v−(p+k)vV (v). The Fourier
transforms of vneq sinh v−(p+k)v lead to integrands
involving
vneq sinh v−(p+k)v → 2(−1)n ∂
n
∂pn
[
e−i
pi
2
(p+k)Kp+k(u)
]
,
(3.74)
while the Fourier transforms of the terms
eq sinh v−(p+k)vV (v) would require to work with the
large-er expansion of the V -term (see Eq. (3.5)), i.e.,
V (v) = 2 arctan
(
tanh
v
2
)
+
1
er
tanh v +
sinh v
e2r cosh
2 v
+O(e−3r ) . (3.75)
Unfortunately, we did not find a way to replace the first,
arctan
(
tanh v2
)
, term by some uniform expansion in v
that could be integrated term-by-term. Keeping it as is
complicates matters. In some cases, we could overcome
this new difficulty by exchanging the order of the v and
u integrations, i.e., by integrating with respect to u first.
This has allowed us to analytically compute some of the
remaining integrals.
More details on our computations are given in Appen-
dices B and C. From the practical point of view, the main
outcome of the frequency-domain approach has been the
analytical results (3.45) and (3.46). In addition, this al-
lowed us to analytically compute the first two terms in
the large-eccentricity expansion of the 5.5PN integrated
action W5.5PN, as discussed below.
IV. FINAL RESULTS FOR THE H-ROUTE TAIL
CONTRIBUTION TO THE SCATTERING
ANGLE
The results discussed in the previous section are inter-
mediate results towards our real aim which is to compute
the nonlocal scattering angle as a function of energy and
angular momentum: χnonloc,f(p∞, j; ν). In view of Eq.
(2.16), the knowledge of χnonloc,f(p∞, j; ν) is equivalent
to the knowledge of the integrated nonlocal Hamiltonian,
W nonloc,fhyp as a function of energy and angular momen-
tum. The total nonlocal potential W nonlochyp (p∞, j; ν) was
decomposed in Eq. (2.18) into three terms,
W nonlochyp (p∞, j; ν) =W
tail,h+W tail,f−h+W 5.5PN , (4.1)
which were defined in Eq. (2.19). In the present sec-
tion we finish the discussion of the first contribution,
W tail,h =W tail,h1 +W
tail,h
2 .
The expression of W tail,h as a function of energy and
angular momentum is obtained (besides adding together
W tail,h1 and W
tail,h
2 ) from the results described above
(which were expressed in terms of the quasi-Keplerian
elements a¯r and er) by re-expressing a¯r and er in terms
of p∞ and j, using the links given in Appendix A. Intro-
ducing (see Eq. (2.14))
eN ≡ eN(p∞, j) ≡
√
1 + p2∞j
2 , (4.2)
we have
er = eN +
1
2
p2∞
eN
[(p2∞j
2 + 1)ν − 4p2∞j2 − 6]η2
− p
2
∞
8j2e3N
[p2∞j
2(p2∞j
2 + 1)2ν2
+(p2∞j
2 + 1)(9p4∞j
4 − 91p2∞j2 − 112)ν
−32p6∞j6 − 36p4∞j4 + 64p2∞j2 + 64]η4 ,
a¯r =
1
p2∞
+ 2η2 − (7ν − 4)
j2
η4 . (4.3)
The use of the new variables p∞ and j (instead of a¯r
and er) leads to a reshuffling of the large-eccentricity ex-
pansion. Indeed, we are actually interested in expanding
W tail,h(p∞, j) in powers of
1
j . This changes the meaning
of the decomposition in LO, NLO and NNLO terms. To
clarify this change of meaning we write the expansion in
powers of 1j as
W tail,h(p∞, j) = W
tail,hLOj(p∞, j) +W
tail,hNLOj(p∞, j)
+ W tail,hNNLOj(p∞, j) +O
(
1
j6
)
, (4.4)
where we have added a subscript j to the superscripts
NnLO, because we are now referring to an expansion of
W tail,hLOj(p∞, j) in powers of
1
j .
For instance, at the leading order in 1j , the combina-
tion, and re-expression, of Eqs. (3.37)–(3.38) yields the
result
18
W tail,hLOj(p∞, j) =
2
15
M2ν2p4∞π
j3
[
315
4
+ 37 ln
(p∞
2
)
+
[
2753
224
− 1071
8
ν +
(
1357
56
− 111
2
ν
)
ln
(p∞
2
)]
p2∞η
2
+
[
155473
1792
− 109559
8064
ν +
186317
1008
ν2 +
(
27953
672
− 2517
112
ν +
555
8
ν2
)
ln
(p∞
2
)]
p4∞η
4
]
. (4.5)
As we see, the LOj term is ∝ 1j3 . Correspondingly, the
NLOj one will be ∝ 1j4 , and the NNLOj one ∝ 1j5 . As per
Eq. (2.16), the corresponding contributions to the scat-
tering angle will be, respectively, ∝ 1j4 , ∝ 1j5 and ∝ 1j6 .
Remembering that 1j = O(G) this will give us the value
of the scattering angle up to the sixth order in G. We dis-
play below the explicit results for the 2PN-accurate scat-
tering angles associated with the LOj , NLOj and NNLOj
values of W tail,h.
Inserting Eq. (4.4) in Eq. (2.16) yields
χnonloc,f = χtail,h + χf−h + χ5.5PN , (4.6)
where the first (h-route) contribution is given by
1
2
χtail,h =
1
2M2ν
∂
∂j
W tail,h
=
χtail,h4 (γ, ν)
j4
+
χtail,h5 (γ, ν)
j5
+
χtail,h6 (γ, ν)
j6
+O
(
1
j6
)
, (4.7)
with
χtail,h4
j4
=
1
2M2ν
∂
∂j
W tail,hLOj ,
χtail,h5
j5
=
1
2M2ν
∂
∂j
W tail,hNLOj ,
χtail,h6
j6
=
1
2M2ν
∂
∂j
W tail,hNNLOj . (4.8)
As already announced, this yields results for χtail,h that
can be written as
χtail,h(p∞, j; ν) = ν
p4∞
j4
(
Atail,h0 (p∞; ν) +
Atail,h1 (p∞; ν)
p∞j
+
Atail,h2 (p∞; ν)
(p∞j)2
+ · · ·
)
, (4.9)
where the 1j coefficients A
tail,h
0 (p∞; ν), A
tail,h
1 (p∞; ν),
Atail,h2 (p∞; ν), are themselves given by a 2PN-accurate
expansion in powers of p∞, say
A0(p∞; ν) = A
tail,h,N
0 +A
tail,h,1PN
0 +A
tail,h,2PN
0 + · · · ,
A1(p∞; ν) = A
tail,h,N
0 +A
tail,h,1PN
1 +A
tail,h,2PN
1 + · · · ,
A2(p∞; ν) = A
tail,h,N
2 +A
tail,h,1PN
2 +A
tail,h,2PN
2 + · · · .
(4.10)
Note that, in absence of the 5.5PN contribution, we do
not have here fractional 1.5PN contributions, as in Eq.
(2.13).
The LOj expressions given above yield
Atail,h,N0 = π
[
−37
5
ln
(p∞
2
)
− 63
4
]
,
Atail,h,1PN0 = π
[(
−1357
280
+
111
10
ν
)
ln
(p∞
2
)
− 2753
1120
+
1071
40
ν
]
p2∞ ,
Atail,h,2PN0 = π
[(
−27953
3360
+
2517
560
ν − 111
8
ν2
)
ln
(p∞
2
)
− 155473
8960
+
109559
40320
ν − 186317
5040
ν2
]
p4∞ . (4.11)
Our final results for the coefficients of the NLOj and NNLOj contributions to the tail part of the scattering angle
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then read
Atail,h,N1 = −
6656
45
− 6272
45
ln
(
4
p∞
2
)
,
Atail,h,1PN1 =
[(
−74432
525
+
13952
45
ν
)
ln
(
4
p∞
2
)
+
114368
1125
+
221504
525
ν
]
p2∞ ,
Atail,h,2PN1 =
[(
−881392
11025
+
288224
1575
ν − 21632
45
ν2
)
ln
(
4
p∞
2
)
+
48497312
231525
− 5134816
23625
ν − 25465952
33075
ν2
]
p4∞ .
(4.12)
and
Atail,h,N2 = π
[
−122 ln
(p∞
2
)
− 1633
24
+
5
2
c00 − 843
4
ln(2)
]
,
Atail,h,1PN2 = π
[(
44845
336
+
5199
8
ln(2) +
5
2
c21 +
811
2
ln
(p∞
2
)
− 5c00
)
ν
−6379
192
+
5
2
c20 − 13831
56
ln
(p∞
2
)
+
15
2
c00 − 74625
224
ln(2)
]
p2∞ ,
Atail,h,2PN2 = π
[(
5
2
c42 − 785 ln
(p∞
2
)
− 97127
6048
+
15
2
c00 − 5c21 − 39345
32
ln(2)
)
ν2
+
(
−2989465
48384
+
5
2
c41 +
75595
168
ln
(p∞
2
)
+
5
2
c21 +
152459
448
ln(2)− 5c20 − 55
4
c00
)
ν
+
5
2
c40 +
986233
1536
+
396481
2688
ln(2) +
5
2
c20 +
15
4
c00 +
64579
1008
ln
(p∞
2
)]
p4∞ , (4.13)
respectively. Introducing the new set of parameters
d00 =
5
2
c00 − 1633
24
− 843
4
ln(2) ,
d20 =
5
2
c20 +
32813
192
+
66999
224
ln(2) ,
d21 =
5
2
c21 − 293
112
+
1827
8
ln(2) ,
d40 =
5
2
c40 +
293499
512
+
442237
2688
ln(2) ,
d41 =
5
2
c41 − 4431841
48384
− 28735
64
ln(2) ,
d42 =
5
2
c42 +
1105777
6048
− 4497
32
ln(2) , (4.14)
with numerical values listed in Table VI, the latter ex-
pressions can be rewritten as
Atail,h,N2 = π
[
−122 ln
(p∞
2
)
+ d00
]
,
Atail,h,1PN2 = π
[(
d21 − 2d00 + 811
2
ln
(p∞
2
))
ν
+ d20 + 3d00 − 13831
56
ln
(p∞
2
)]
p2∞ ,
Atail,h,2PN2 = π
[(
d42 + 3d00 − 2d21 − 785 ln
(p∞
2
))
ν2
+
(
d41 + d21 − 2d20 − 11
2
d00
+ +
75595
168
ln
(p∞
2
))
ν
+ d40 +
3
2
d00 + d20 +
64579
1008
ln
(p∞
2
)]
p4∞ .
(4.15)
Among the numerical coefficients entering the NNLOj
quantity A2(p∞; ν) = A
tail,h,N
2 + A
tail,h,1PN
2 + A
tail,h,2PN
2
two can be written down in analytical form (thanks to
our frequency-domain computation), namely, using Eqs.
(3.45) and (3.46),
d00 = −99
4
− 2079
8
ζ(3) , (4.16)
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TABLE VI: Numerical values of the coefficients (4.14).
coefficient numerical value
d00 −337.13453770
d20 +668.10143447
d21 +560.45441238
d40 +743.05631726
d41 −694.94788994
d42 −439.10050487
and
d21 =
1541
8
+ 306ζ(3) , (4.17)
while the other ones are (only) known numerically (see
Table V).
V. SECOND-ORDER TAIL CONTRIBUTION
TO THE INTEGRATED ACTION AND TO THE
SCATTERING ANGLE: W 5.5PN AND χ5.5PN
Before finishing our discussion of the h-route tail con-
tribution, χtail,h(p∞, j; ν), to the scattering angle, and of
its ν-dependence, let us recall that, at the 6PN accuracy
where we are working, the total scattering angle is made
of the following four contributions:
χtot(p∞, j; ν) = χ
loc,f + χtail,h + χ5.5PN + χf−h . (5.1)
Among these contributions two of them are directly
linked with nonlocal effects computed in harmonic-
coordinates: indeed, χtail,h comes from the first-order
tail (linear in GM), while χ5.5PN comes from the second-
order tail (quadratic in GM). Before being able to dis-
cuss the constraint that must be satisfied by the flexibility
factor f(t) entering the last contribution, χf−h, we must
control the structure (and, notably, the ν-dependence) of
the quadratic-tail contribution χ5.5PN.
From Eq. (2.6), denoting B = − 107105 and
Hsplit(t, τ) = G
5c5
[I
(3)
ij (t)I
(4)
ij (t+ τ)− I(3)ij (t)I(4)ij (t− τ)] ,
(5.2)
the 5.5PN Hamiltonian reads
Hnonloc5.5PN =
B
2
(
GM
c3
)2 ∫ ∞
−∞
dτ
τ
Hsplit(t, τ) . (5.3)
Note that the function Hsplit(t, τ) is odd in τ , so that
τ−1Hsplit(t, τ) is even in τ (and regular at τ = 0).
As usual the computation can be done either in the
time domain or in the Fourier domain. Working in the
Fourier domain we find
W nonloc5.5PN = −B
(
GM
c3
)2
G
5c5
∫ ∞
0
dωω7|Iˆij(ω)|2 .
(5.4)
At our present level of accuracy, it is enough to use
the Newtonian approximation to the Fourier transform
Iˆij(ω) of the quadrupole moment. Using the relations
given in Appendix B we have then
W nonloc5.5PN = −B
(
GM
c3
)2
G
5c5
∫ ∞
0
dωω7|Iˆij(ω)|2
=
107
105
(
n¯
er
)8(
GM
c3
)2
G
5c5
∫ ∞
0
duuIN(u) ,
(5.5)
where the function IN(u) was defined in Eq. (3.70).
As explained above, though the function IN(u) is here
evaluated at the Newtonian level, it is quadratic in Bessel
functionsKν(u) whose order is u-dependent: either ν = p
or ν = p+1, with p = iu/er. This makes it impossible to
compute W nonloc5.5PN in closed form. However, it is enough
for our purpose to compute the first two terms in the
large-eccentricity expansion of the integral (5.5). Thanks
to the relations (3.72), this computation only involves
integrals containing K0(u) and K1(u). We find
WLO+NLO5.5PN =
107
105
(
n¯
er
)8(
GM
c3
)2
G
5c5
ν232a¯7re
4
r
×
∫ ∞
0
duuF(u)
(
1 +
u
er
+O
(
1
e2r
))
,
(5.6)
where LO and NLO refer to the large-eccentricity expan-
sion, and where
F(u) =
(
u2
3
+ u4
)
K20 (u) + 3u
3K0(u)K1(u)
+ (u2 + u4)K21 (u) , (5.7)
denotes (as in Ref. [52], and in Appendix B) the
gravitational-wave energy spectrum in the Newtonian-
level “splash” approximation [84, 85], i.e., at Newtonian
order, and at leading order in the large-eccentricity limit.
The NLO-accurate result WLO+NLO5.5PN involves the two
nontrivial integrals fu =
∫∞
0 duuF(u), and fu
2
=∫∞
0 duu
2F(u). These integrals are computed in Ap-
pendix B. This leads to the following explicit NLO result
for W nonloc5.5PN (using G = 1 = c):
WLO+NLO5.5PN =
32
5
107
105
p10∞
e4r
M2ν2
(
49
9
+
1
er
297
256
π2
+O
(
1
e2r
))
. (5.8)
Replacing the eccentricity in terms of j finally leads to
the following explicit NLOj result for W
nonloc
5.5PN
WLO+NLO5.5PN = M
2ν2
(
23968
675
p6∞
j4
+
10593
1400
π2
p5∞
j5
+O
(
1
j6
))
. (5.9)
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Using the formula (2.16) we finally get
χLO+NLO5.5PN = −ν
(
95872
675
p6∞
j5
+
10593
280
π2
p5∞
j6
+O
(
1
j7
))
= −ν 95872
675
p6∞
j5
(
1 +
13365
50176
π2
p∞j
+O
(
1
j2
))
.
(5.10)
VI. ANALYSIS OF THE ν-DEPENDENCE OF
THE HARMONIC-COORDINATE NONLOCAL
SCATTERING ANGLE χnonloc,h
Let us recall that a crucial tool of our method is
to exploit the special ν-dependence [5] satisfied by
the total scattering angle χtot(p∞, j; ν). This struc-
ture is embodied in a restricted ν-polynomial depen-
dence of the energy-rescaled PM-expansion coefficients
of χtot(p∞, j; ν).
The total scattering angle χtot(p∞, j; ν) is obtained as
a sum of partial contributions, namely
χtot(p∞, j; ν) = χ
loc,f + χtail,h + χ5.5PN + χf−h . (6.1)
Some of these contributions can fail to satisfy the special
ν-dependence satisfied by χtot(p∞, j; ν). One ingredient
of our method is to assume that χloc,f does satisfy the lat-
ter special ν-dependence. We must, then, constrain the
flexibility factor f in such a way that the complementary,
nonlocal-related, contribution
χtail,h + χ5.5PN + χf−h , (6.2)
does satisfy the special ν-dependence satisfied by
χtot(p∞, j; ν). This will be the task of the present section.
We will start by recalling what is the special ν-structure
we are talking about. Then we will measure the extent
to which the sum of the two h-route nonlocal contribu-
tions, say χnonloc,h ≡ χtail,h + χ5.5PN fails to satisfy the
latter special ν-dependence. This will finally allow us to
constrain f(t).
A. Reminder of the ν-rule to be satisfied
Let us define precisely the ν-rule to be satisfied. We
expand in powers of 1j = O(G) any partial contribu-
tion χX(p∞, j; ν) to the total scattering angle, χ
tot =∑
X χ
X , say
1
2
χX(p∞, j; ν) =
∑
n
χXn (p∞; ν)
jn
, (6.3)
and then define the energy-rescaled coefficients
χ˜Xn (p∞; ν) ≡ hn−1(γ, ν)χXn (p∞; ν) , (6.4)
where we recall that
h(γ, ν) =
√
1 + 2ν(γ − 1) , γ =
√
1 + p2∞η
2 , (6.5)
that is
h = 1+
1
2
νp2∞η
2 − 1
8
ν(1 + ν)p4∞η
4 +O(η6) . (6.6)
The special ν-structure says that
χ˜Xn (p∞; ν) = P
Xγ
d(n)(ν) , (6.7)
where PXγd(n)(ν) denotes a polynomial in ν, of degree
d(n) ≡
[
n− 1
2
]
, (6.8)
with γ-dependent coefficients. [Here, [· · · ] denotes the
integer part.] Let us analyze the ν-structure Eq. (6.7)
for the case where the label X is equal to nonloc,h, in
the sense of the following definition of the sum of the two
harmonic-coordinate nonlocal contributions
χnonloc,h tot ≡ χtail,h + χ5.5PN . (6.9)
Our results above have led to the determination of
χnonloc,h tot4 , χ
nonloc,h tot
5 and χ
nonloc,h tot
6 . More precisely,
we must, according to the definition, Eq. (6.9), add the
5.5PN contribution Eq. (5.10) to the corresponding re-
sults for the 1j expansion of χ
tail,h given in section IV.
Let us first remark that, in fact, the 5.5PN contribu-
tion χ5.5PN separately satisfies the rule (6.7). Indeed,
as we are at the 5.5PN level, we can use h ≈ 1 so
that χ˜5.5PNn (p∞; ν) ≈ χ5.5PNn (p∞; ν). Then, for the rel-
evant exponents n = 5, 6 of 1j , the rule (6.7) says that
χ˜5.5PNn (p∞; ν) should be at most quadratic in ν. How-
ever, our explicit results Eq. (5.10) for the χ˜5.5PNn ’s show
that they are actually linear in ν.
In view of this structure of χ5.5PN, we can henceforth
focus only on the remaining h-route contribution to χ,
namely χtail,h. In the following, we shall use the notation
χnonloc,h ≡ χtail,h , (6.10)
to emphasize that this is the crucial additional h-route
contribution to the local piece χloc,f , to be eventually
modified by a suitable f -dependent piece χf−h.
We transform the results given in section IV for
χtail,h = χnonloc,h into corresponding results for their
energy-rescaled versions χ˜nonloc,h4 = h
3χtail,h4 , χ˜
nonloc,h
5 =
h4χtail,h5 and χ˜
nonloc,h
6 = h
5χtail,h6 . We find
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χ˜nonloc,h4 =
(
−63
4
− 37
5
ln
(p∞
2
))
πνp4∞
+
(
−2753
1120
− 1357
280
ln
(p∞
2
)
+
63
20
ν
)
πνp6∞η
2
+
(
−27331
10080
ν2 +
199037
40320
ν − 155473
8960
− 27953
3360
ln
(p∞
2
))
πνp8∞η
4 ,
χ˜nonloc,h5 =
(
−6656
45
− 12544
45
ln(2)− 6272
45
ln
(p∞
2
))
νp3∞
+
[(
−148864
525
ln(2) +
114368
1125
− 74432
525
ln
(p∞
2
))
+
(
2816
45
ln(2) +
198592
1575
+
1408
45
ln
(p∞
2
))
ν
]
νp5∞η
2
+
[(
−13888
225
ln(2)− 6944
225
ln
(p∞
2
)
+
283168
4725
)
ν − 2448608
33075
ν2
+
(
48497312
231525
− 881392
11025
ln
(p∞
2
)
− 1762784
11025
ln(2)
)]
νp7∞η
4 ,
χ˜nonloc,h6 =
(
−122 ln
(p∞
2
)
+ d00
)
πνp2∞
+
[(
−13831
56
ln
(p∞
2
)
+ d20 + 3d00
)
+
(
201
2
ln
(p∞
2
)
+
1
2
d00 + d21
)
ν
]
πνp4∞η
2
+
[(
−30655
336
ln
(p∞
2
)
+ d21 +
11
8
d00 +
1
2
d20 + d41
)
ν +
(
1
2
d21 + d42 − 1
8
d00
)
ν2
+
(
64579
1008
ln
(p∞
2
)
+
3
2
d00 + d20 + d40
)]
πνp6∞η
4 . (6.11)
We recall that the powers of η in Eqs. (6.11) de-
note fractional (rather than absolute) PN corrections.
Actually, the leading-order contributions to χ˜nonloc,h4 ,
χ˜nonloc,h5 , and χ˜
nonloc,h
6 are all at the 4PN level, so that
the η2 (and η4) terms denote 5PN (and 6PN) corrections,
respectively.
B. On the ν-structure of the logarithmic
contributions, and of the gravitational-wave energy
loss
The rule Eq. (6.7) says that χ˜X4 should be at most
linear in ν, while χ˜X5 and χ˜
X
6 should be at most quadratic
in ν.
Let us first note that this rule is satisfied by all the
logarithmic contributions. This is a nontrivial check
of the validity of this rule because all the logarith-
mic contributions have a genuinely nonlocal origin, and
could not be compensated by additional (logarithmic-
free) local terms. Let us also note that the simple ν-
polynomial structure of the logarithmic (tail) contribu-
tions to χ˜nonloc,hn is rather hidden in the structure of
the multipole moments and, thereby, in the structure of
the total gravitational-radiation energy loss. It is worth
pausing a moment to comment more on this structure.
From Eq. (2.9), one sees that the logarithmic contri-
butions to8 Hnonloc,h are proportional to
GH
c5
F split(t, t) = GH
c5
FGW(t) , (6.12)
where FGW(t) is the instantaneous flux of gravitational-
wave energy. Therefore, the logarithmic contributions to
W nonloc,h =
∫
dtHnonloc,h are proportional to
GH
c5
∫
dtFGW(t) = GH
c5
∆EGW , (6.13)
where ∆EGW denotes the total energy radiated9 during
an hyperbolic encounter. Let us consider the functional
dependence of ∆EGW on γ (or, equivalently, p∞), j and
ν, and the expansion of ∆EGW(γ, j, ν) in powers of 1j :
∆EGW(γ, j; ν) =
∑
n≥3
∆EGWn (γ; ν)
jn
. (6.14)
8 As explained in the previous subsection, we henceforth label as
“nonloc, h” the crucial 4 + 5 + 6PN nonlocal contribution, be-
cause the second-order tail contribution separately satisfies the
constraint we are studying.
9 Actually, as we are considering a time-symmetric interaction, a`
la Fokker-Wheeler-Feynman, this energy is first absorbed by the
system in the form of advanced waves, before being radiated in
the form of retarded waves.
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The logarithmic contributions to W nonloc,h have a
1
j expansion proportional to h
∑
n≥3
∆EGWn (γ;ν)
jn , so
that the logarithmic contributions to χnonloc,h =
1
M2ν ∂W
nonloc,h/∂j are proportional to
− h
ν
∑
n≥3
n
∆EGWn (γ; ν)
jn+1
. (6.15)
In order for the rule Eq. (6.7) to be separately satisfied
by the logarithmic contributions to the scattering angle,
and taking into account both the factor 1ν in the previous
equation, and the fact that ∆EGW ∝ ν2, we conclude
that the coefficient of 1jn in the gravitational-radiation
loss should satisfy the non-trivial rule
hn+1(γ, ν)
∆EGWn (γ; ν)
ν2
= P γ
[ n−22 ]
(ν) for n ≥ 3 . (6.16)
We have confirmed the validity of this rule in two different
ways.
First, we note that the rule (6.16) states that the
leading-order contribution to ∆EGW(γ, j; ν) in its expan-
sion in powers of 1j , i.e., its leading-order PM contribu-
tion ∝ 1j3 = O(G3) must depend on ν as ∝ ν2/h4(γ, ν).
In view of the relation [10]
GM
b
=
p∞
hj
, (6.17)
between j and the impact parameter b, this is equivalent
to saying that
h(γ, ν)∆EGW(γ, b,m1,m2) = (m1m2)
2
(
G
b
)3
E(γ)
+O(G4) , (6.18)
where the dimensionless factor E(γ) depends only on γ
and not on the mass ratio. The validity of this state-
ment to all orders in the PN expansion is a non triv-
ial fact which follows from the structure of the LO
post-Minkowskian gravitational Bremsstrahlung results
of Refs. [86, 87]. Indeed, the latter references have proven
that the LO PM gravitational waveform has three proper-
ties: (i) it depends on the masses only through an overall
factor G2m1m2; (ii) it depends on time through two sep-
arate time scales of the form bfA(γ), bfB(γ); and, (iii)
it enjoys a forward-backward symmetry in the center-of-
velocity frame S˜. These properties imply that the four-
momentum PµGW radiated as gravitational waves
10 is of
the form
PµGW = (m1m2)
2
(
G
b
)3
E(γ)u
µ
1 + u
µ
2
γ + 1
+O(G4) , (6.19)
10 As we are discussing the time-symmetric dynamics, the system
“emits” both advanced and retarded waves and therefore absorbs
−PµGW before emitting +P
µ
GW.
where uµ1 , u
µ
2 denote the incoming 4-velocities. Com-
puting from Eq. (6.19) the center-of-mass energy loss
∆EGW = −PµGW(p1µ + p2µ)/|p1 + p2| (where paµ =
mauaµ and |p1 + p2| =Mh(γ, ν)) leads to Eq. (6.18).
Second, we have computed ∆EGW to the 2PN ac-
curacy (thereby generalizing the 1PN-accurate result of
Blanchet and Scha¨fer [88]). We give in Appendix D,
Eqs. (D2), (D3), the 2PN-level contribution to ∆EGW
when (following Ref. [88]) it is expressed in terms of
er = e
h
r and j. However, expressing ∆EGW in terms
of er and j does not help to reveal its hidden simple ν-
dependence because ehr is itself a rather involved function
of E¯ ≡ (Etot −Mc2)/µ = (h(γ, ν) − 1)/ν, j and ν given
by
ehr =
√
1 + 2E¯j2
(
1 + e2η
2 + e4η
4
)
, (6.20)
where
e2 =
E¯
2(2E¯j2 + 1)
[(5E¯j2 + 2)ν − 15E¯j2 − 12] ,
e4 =
E¯
8(2E¯j2 + 1)2j2
[E¯2j4(7E¯j2 + 4)ν2
+(−210E¯3j6 + 224 + 792E¯j2 + 592E¯2j4)ν
+415E¯3j6 + 200E¯2j4 − 280E¯j2 − 128] . (6.21)
It is better to reexpress ∆EGW in terms of γ (or equiv-
alently p∞) and of the (gauge-invariant) eccentricity-like
variable11
e2hj ≡ 1 + (γ2 − 1)h2j2 = 1+ p2∞h2j2 , (6.22)
and of the related quantities
ǫ¯ ≡ 1
p∞hj
=
1√
e2hj − 1
,
B(ǫ¯) ≡ π
2
+ arctan ǫ¯ = arccos
(
− 1
ehj
)
. (6.23)
Note that j enters these quantities only in the combina-
tion h(γ, ν)j. This leads to a 2PN-accurate result of the
form
h(γ, ν)
∆EGW(p∞, ǫ¯; ν)
Mν2
= ǫ¯3Ê3(p∞, ǫ¯) + νǫ¯
4Ê4(p∞, ǫ¯)
+ ν2ǫ¯6Ê6(p∞, ǫ¯) +O(p
13
∞) ,
(6.24)
where the functions Ên(p∞, ǫ¯), with n = 3, 4, 6, are given
in Table VII.
11 The quantity ehj is a PN-acceptable measure of the eccentricity
in the range 0 < ehj < ∞, and the value ehj = 1 does describe
parabolic motions (with zero binding energy). However, e2hj does
not vanish along circular orbits.
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TABLE VII: Functions Ên(p∞, ǫ¯) (for n = 3, 4, 6), Eq. (6.24), in terms of ǫ¯ and B ≡ B(ǫ¯), Eqs. (6.23).
Ê3(p∞, ǫ¯) [(− 645792520 ǫ¯2 + 119479093240 ǫ¯6 + 19319189 ǫ¯4 + 58396511008 ǫ¯8 + 279535040 )B
+ 5839651
1008
ǫ¯7 + 79675961
45360
ǫ¯5 + 64
5
ǫ¯
(1+ǫ¯2)2
+ 4309531
136080
ǫ¯3 − 8807569
58800
ǫ¯+ 1060
7
ǫ¯
(1+ǫ¯2)
]p11∞
+[( 13831
140
ǫ¯2 + 13447
20
ǫ¯6 + 2259
4
ǫ¯4 + 1357
420
)B + 31509
700
ǫ¯− 64
5
ǫ¯
(1+ǫ¯2)
+ 13447
20
ǫ¯5 + 10219
30
ǫ¯3]p9∞
+[( 244
5
ǫ¯2 + 74
15
+ 170
3
ǫ¯4)B + 1346
45
ǫ¯ + 170
3
ǫ¯3]p7∞
Ê4(p∞, ǫ¯) [(− 62813168 ǫ¯3 − 1628347360 ǫ¯5 − 25805140 ǫ¯7 + 6131168 ǫ¯)B − 16546105(1+ǫ¯2) − 427097180 ǫ¯4 − 591241937800 ǫ¯2 + 2805021575 − 25805140 ǫ¯6 − 645(1+ǫ¯2)2 ]p11∞
+[(− 1127
3
ǫ¯5 − 910
3
ǫ¯3 − 201
5
ǫ¯)B − 128
9
+ 32
5(1+ǫ¯2)
− 1127
3
ǫ¯4 − 1603
9
ǫ¯2]p9∞
Ê6(p∞, ǫ¯) [(
5929
6
ǫ¯3 + 485
4
ǫ¯+ 5481
4
ǫ¯5)B + 2966
45
+ 5481
4
ǫ¯4 − 578
15(1+ǫ¯2)
+ 6377
12
ǫ¯2 − 16
5(1+ǫ¯2)2
]p11∞
These functions have a smooth limit as ǫ¯ → 0 (equiv-
alent to ehj →∞, or j →∞), i.e.,
Ên(p∞, ǫ¯) = Ên0(p∞) + ǫ¯ Ên1(p∞) + ǫ¯
2 Ên2(p∞) + · · · .
(6.25)
The error term O(p13∞) in (6.24) indicates a fractional
3PN error level. Indeed, the leading PN contribu-
tion to Ê3(p∞, ǫ¯) is O(p
7
∞) (corresponding to the large-
eccentricity Newtonian-level energy loss ∼ ǫ¯3p7∞ ∼
e4hjj
−7). It is then easily checked that the properties
embodied in the expansion of the expression (6.24) in
powers of ǫ¯ = 1/(p∞hj) implies that the expansion coef-
ficients of h∆EGW(γ, j; ν)/ν2 in powers of 1j satisfy the
rule Eq. (6.16).
Let us also note that there is a simple link between the
total gravitational-wave energy loss along an hyperbolic
motion, and the gravitational-wave energy loss during
one radial period of an elliptic motion, namely
∆EellipticGW (γ, j) = ∆E
hyperbolic
GW (γ, j)−∆EhyperbolicGW (γ,−j).
(6.26)
This result is obtained by analytically continuing the
quasi-Keplerian representation of the hyperbolic motion
used above [79] back to the elliptic-motion case (express-
ing all quantities in terms of γ and j and analytically
continuing γ from γhyperbolic > 1 to γelliptic < 1). The
result (6.26) is consistent with the analytic-continuation
link between the scattering angle and the periastron pre-
cession [37], as is easily seen in view of the link [52] used
above between the tail contribution to the scattering an-
gle and the time integral of the gravitational-wave energy
loss. The functional structure of ∆EellipticGW (γ, j) is much
simpler than that of ∆EhyperbolicGW (γ, j). In particular the
arccos, or arctan, factors present in ∆EhyperbolicGW (γ, j)
are simply replaced by π in ∆EellipticGW (γ, j). Finally,
∆EellipticGW (γ, j) has a polynomial structure in p∞ and ǫ¯.
Note also that our rule (6.16) about the special ν-
dependence of the hyperbolic gravitational-wave energy
loss implies, via the link (6.26), that the same prop-
erty should be satisfied by the elliptic gravitational-
wave energy loss. In view of the odd dependence of
∆EellipticGW (γ, j) on j (and therefore ǫ¯) displayed in Eq.
(6.26), this transforms the result (6.24) into
h(γ, ν)∆EellipticGW (p∞, ǫ¯; ν)
Mν2
=
ǫ¯3p7∞
[
P2(ǫ¯
2) + p2∞P3(ǫ¯
2) + p4∞P4(ǫ¯
2)
]
+ν ǫ¯5p9∞
[
P2(ǫ¯
2) + p2∞P3(ǫ¯
2)
]
+ν2 ǫ¯7p11∞P2(ǫ¯
2) +O(p13∞) ,
(6.27)
where each Pn(ǫ¯
2) denotes a different polynomial of order
n in ǫ¯2.
We have checked (using the elliptic 3PN results of
Refs. [77, 89]) that the remarkable constraint on the ν-
dependence of ∆EellipticGW (γ, j; ν) displayed in Eqs. (6.16)
and (6.27) is satisfied at the 3PN level (with the evident
generalization of the structure (6.27)). In particular, the
O(ν3) contribution is of the form ν3 ǫ¯9p13∞P2(ǫ¯
2).
C. Contributions to χ˜nonloc,hn violating the special
ν-structure
Let us now highlight the relatively small number of
contributions to χ˜nonloc,hn = h
n−1χnonloc,hn that do not
satisfy the rule (6.7) by separating them from those that
satisfy the rule:
χ˜nonloc,h4 = [χ˜
nonloc,h
4 ]
ν +
63
20
ν2πp6∞η
2
+
(
199037
40320
ν2 − 27331
10080
ν3
)
πp8∞η
4 ,
χ˜nonloc,h5 = [χ˜
nonloc,h
5 ]
ν+ν2 − 2448608
33075
ν3p7∞η
4 ,
χ˜nonloc,h6 = [χ˜
nonloc,h
6 ]
ν+ν2 +Dν3πp6∞η
4 . (6.28)
In other words, there are only five terms violating the rule
(6.7) in χ˜nonloc,hn (n = 4, 5, 6): (i) one term of fractional
order η2, i.e., at 5PN [O(ν2) term in χ˜nonloc,h4 ]; and (ii)
four terms of fractional order η4, i.e., at 6PN [O(ν2) term
and O(ν3) term in χ˜nonloc,h4 , and O(ν
3) terms in χ˜nonloc,h5
and χ˜nonloc,h6 ]. The coefficients of all those terms have
been analytically derived, apart from the last one which
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has been only partially analytically derived. However, we
have evaluated it numerically:
D ≡ 1
2
d21 + d42 − 1
8
d00 ≈ −116.73148147 . (6.29)
Note that the contributions d21 and d00 to the coeffi-
cient D are known analytically and contain ζ(3) (see Eqs.
(4.16), (4.17)). The only integral we could not analyti-
cally compute is d42 ≈ −439.10050487 (see Table VI).
For completeness, we give the explicit integral form of
c42 (equivalent to d42, see Eq. (4.14)) in the Supplemen-
tal Material of this paper.
VII. DETERMINATION OF THE FLEXIBILITY
FACTOR f(t)
Let us recall again the logic behind the introduc-
tion of the flexibility factor f(t). The total (local-
plus-nonlocal) scattering angle χtot(p∞, j; ν) has been
shown [5] to have a special ν-dependence at each
PM order, i.e., at each order in 1j . However, if
we were to decompose χtot(p∞, j; ν) in its harmonic-
coordinate nonlocal contribution χnonloc,h(p∞, j; ν) and
the complementary harmonic-coordinate local contribu-
tion χloc,h(p∞, j; ν), each contribution would not sep-
arately satisfy the special ν-dependence of their sum
χtot(p∞, j; ν) = χ
nonloc,h(p∞, j; ν)+χ
loc,h(p∞, j; ν). This
situation is improved by slightly modifying the (con-
ventional) definition of the nonlocal Hamiltonian, and
thereby the separation of χtot(p∞, j; ν) into a flexed
nonlocal piece, χnonloc,f(p∞, j; ν), and a complemen-
tary flexed local piece, χloc,f(p∞, j; ν), such that each
contribution to χtot(p∞, j; ν) = χ
nonloc,f(p∞, j; ν) +
χloc,f(p∞, j; ν) separately satisfy the simple ν-dependence
satisfied by χtot(p∞, j; ν). We have already determined
in Ref. [3] the structure of the flexed 6PN-accurate lo-
cal Hamiltonian by using the condition that its corre-
sponding local scattering angle χloc,f(p∞, j; ν) satisfies
the special ν-dependence of Ref. [5]. In the present sec-
tion, we shall use the results derived in the previous Sec-
tion for the harmonic-coordinate nonlocal contribution
χnonloc,h(p∞, j; ν) as a tool for determining the value of
the flexibility factor f . Specifically, by writing that the
sum
χ˜nonloc,f(p∞, j; ν) = χ˜
nonloc,h(p∞, j; ν) + χ˜
f−h(p∞, j; ν) ,
(7.1)
satisfies the special ν-dependence satisfied by
χtot(p∞, j; ν) we are going to get some constraints
on the value of f .
The determination of f(t) is done by going through
three successive steps: (i) explicit computation of the
few coefficients measuring to what extent the harmonic-
coordinate angle χnonloc,h(p∞, j; ν) fails to satisfy the
special ν-dependence; (ii) computation of the f −h addi-
tional contribution, χf−h(p∞, j; ν), to the nonlocal scat-
tering angle; and (iii) determination of f(t) by the con-
dition that χf−h(p∞, j; ν) compensates the rule-violating
contributions, Eq. (6.28), present in χ˜nonloc,h(p∞, j; ν).
The step (i) was already accomplished in the previous
section. We now go through steps (ii) and (iii).
A. Determination of W f−h and χ˜f−h(p∞, j; ν)
The f -induced additional contribution W f−h to
W nonloc =
∫
dtHnonloc is defined as
W f−h = +2
GHreal
c5
∫
dtF split2PN (t, t) ln(f(t)) . (7.2)
A simplification is that, as it is enough to look for a
flexibility factor of the type
f(t) = 1 + η2f1(t) + η
4f2(t) +O(η
6) , (7.3)
we have
ln(f(t)) = η2f1 + η
4
(
f2 − 1
2
f21
)
+O(η6) , (7.4)
so that it is enough to work at the 1PN fractional accu-
racy. [Indeed, the factor 2GHrealc5 F split2PN (t, t) in Eq. (7.2)
starts at the 4PN order, while ln(f(t)) = O( 1c2 ), so that
W f−h starts at the 5PN order, as appropriate to can-
cell the 5PN+6PN rule-violating terms delineated in Eqs.
(6.28).] Namely, we can use in Eq. (7.2) the 1PN-
accurate gravitational-wave flux FGW1PN(t) = F split1PN (t, t),
and we can compute the integral by using the 1PN-
accurate quasi-Keplerian dynamics.
There are several possible ways to parametrize a gen-
eral 1PN expression for the flexibility function f(t). One
could use a direct parametrization in terms of harmonic-
coordinate positions and velocities. Here, we shall fol-
low our previous (Newtonian-accurate) determination of
the 1PN term η2f1 [2] by parametrizing f(t) in terms of
(1PN-accurate) harmonic-coordinate relative positions x
and momenta p. [As in [2], we work with rescaled, di-
mensionless positions and momenta.] We write
f1 = ν
(
c1p
2
r + c2p
2 + c3
1
r
)
,
f2 = ν
(
d1p
4
r + d2p
4 + d3
1
r2
+ d4p
2p2r
+d5
p2r
r
+ d6
p2
r
)
. (7.5)
The coefficients ci used here differ from the corresponding
quantities in Ref. [2] by an overall factor ν: νcherei =
ctherei . As a consequence, the c
here
i ’s can be chosen to be
pure numbers (independent of the value of ν). On the
other hand, in spite of a similar ν overall rescaling, the
coefficients di will be found to be linear functions of ν:
di = d
0
i + νd
1
i . (7.6)
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Eq. (7.2) becomes
W f−h = 2GHreal
∫
dtFGW1PN(t)
[
f1 + η
2
(
f2 − 1
2
f21
)]
.
(7.7)
One should insert in Eq. (7.7) the expression of FGW1PN(t)
[88] in terms of the 1PN-accurate momenta. It is de-
rived in Appendix A using classic results on the 1PN La-
grangian for the (harmonic-coordinate) relative motion
(see, e.g., Ref. [81]). See Eqs. (A1),(A5).
It is straightforward to compute the integral (7.7), and
then to differentiate it with respect to j to obtain the
corresponding contribution to the scattering angle:
1
2
χf−h =
1
2M2ν
∂W f−h(p∞, j; ν)
∂j
. (7.8)
The result of this computation is a contribution that
starts at the 5PN level, and that is fractionally 1PN-
accurate, say
1
2
χf−h =
1
2
χf−h0 +
1
2
η2χf−h2 . (7.9)
The large-j expansion of the 5PN-level contribution,
1
2χ
f−h
0 , reads
1
2
χf−h0 = −
1
10
ν2
p6∞
j4
π(74c2 + 13c1)
− 128
225
ν2
p5∞
j5
(343c2 + 49c3 + 51c1)
− 1
2
ν2
p4∞
j6
π(63c1 + 488c2 + 122c3) +O
(
1
j7
)
,
(7.10)
while that of the 6PN-level one, 12χ
f−h
2 , reads
1
2
χf−h2 = χ
f−h
4,2
p8∞
j4
+ χf−h5,2
p7∞
j5
+ χf−h6,2
p6∞
j6
+O
(
1
j7
)
,
(7.11)
with
χf−h4,2 =
1
2240
ν2π(−10856c2 + 41440νc2
+2383c1 + 3572c1ν − 2912d4 + 2912νc2c1
−16576d2 + 574νc21 + 8288νc22 − 1148d1) ,
χf−h5,2 = +
64
11025
ν2(107024νc2 − 51669c2
+7864c1ν + 439c1 + 10357νc3 − 4019c3
+6426νc2c1 − 2226d1 + 714νc1c3
+21609νc22 − 4802d6 + 4802νc2c3
−714d5 + 1113νc21 − 6426d4 − 43218d2) ,
χf−h6,2 = +
1
336
ν2π(−12139c1 − 5460d1 + 17640νc2c1
+3528νc1c3 − 136640d2 + 2730νc21 + 21580c1ν
+58740νc3 − 246374c2 + 1708νc23 + 68320νc22
+335600νc2 − 30454c3 − 3416d3 − 17640d4
−3528d5 − 27328d6 + 27328νc2c3) . (7.12)
The quantities of most interest are the corresponding
energy-rescaled coefficients of 1jn in the scattering angle
1
2χ
f−h =
∑
n χ
f−h
n /j
n, i.e.,
χ˜f−hn = h
n−1χf−hn = χ˜
f−h
n,0 + η
2χ˜f−hn,2 + · · · . (7.13)
They read (at the fractional 1PN accuracy, and setting
η = 1)
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π−1χ˜f−h4 =
(
−13
10
c1 − 37
5
c2
)
ν2p6∞
+
[
2383
2240
c1 − 1357
280
c2 − 41
80
d1 − 37
5
d2 − 13
10
d4
+
(
−199
560
c1 +
37
5
c2 +
13
10
c2c1 +
41
160
c21 +
37
10
c22
)
ν
]
ν2p8∞ ,
χ˜f−h5 =
(
−2176
75
c1 − 43904
225
c2 − 6272
225
c3
)
ν2p5∞
+
[
28096
11025
c1 − 367424
1225
c2 − 257216
11025
c3 − 6784
525
d1 − 6272
25
d2 − 6528
175
d4 − 2176
525
d5 − 6272
225
d6
+
(
−136448
11025
c1 +
2546944
11025
c2 +
16064
3675
c3 +
6528
175
c2c1 +
2176
525
c1c3 +
3136
25
c22
+
6272
225
c2c3 +
3392
525
c21
)
ν
]
ν2p7∞ ,
π−1χ˜f−h6 =
(
−63
2
c1 − 244c2 − 61c3
)
ν2p4∞
+
[
−12139
336
c1 − 123187
168
c2 − 15227
168
c3 − 65
4
d1 − 1220
3
d2 − 61
6
d3 − 105
2
d4 − 21
2
d5 − 244
3
d6
+
(
−305
21
c1 +
8165
21
c2 +
625
28
c3 +
21
2
c1c3 +
244
3
c2c3 +
105
2
c2c1 +
65
8
c21 +
61
12
c23 +
610
3
c22
)
ν
]
ν2p6∞ .
(7.14)
B. Reparametrization of the flexibility factor f(t), and constraints on its parameters
Combining the results (6.28) and (7.14), we can now write the condition that the sums χ˜nonloc,fn = χ˜
nonloc,h
n + χ˜
f−h
n
satisfy the ν-dependence of χ˜totn , i.e.,
[χ˜nonloc,f4 ] ∼ ν , [χ˜nonloc,f5 ] ∼ ν + ν2 , [χ˜nonloc,f6 ] ∼ ν + ν2 . (7.15)
Remembering the ν-independence of the ci’s, and the ν-linearity of the di’s, Eq. (7.6), these conditions yield five
equations. One equation (already discussed in Ref. [2]) comes from the 5PN level and reads
13
10
c1 +
37
5
c2 =
63
20
. (7.16)
The 6PN level yields four additional constraints, namely
(a) 0 = −1357
56
c2 +
2383
448
c1 − 37d02 −
13
2
d04 −
41
16
d01 +
199037
8064
,
(b) 0 = 37c2 − 13
2
d14 +
13
2
c2c1 − 37d12 +
41
32
c21 +
37
2
c22 −
199
112
c1 − 41
16
d11 −
27331
2016
,
(c) 0 =
2546944
441
c2 − 6784
21
d11 +
2176
21
c1c3 − 136448
441
c1 − 6272
9
d16 +
6272
9
c2c3 + 3136c
2
2 −
2176
21
d15 +
3392
21
c21
+
16064
147
c3 − 6528
7
d14 +
6528
7
c2c1 − 6272d12 −
2448608
1323
,
(d) 0 =
65
8
c21 +
610
3
c22 +
625
28
c3 +
105
2
c2c1 − 61
6
d13 +
21
2
c1c3 − 65
4
d11 +
244
3
c2c3 − 1220
3
d12 −
21
2
d15 +
8165
21
c2
−244
3
d16 +
61
12
c23 −
105
2
d14 −
305
21
c1 +D , (7.17)
where the constant D = 12d21 + d42 − 18d00 ≈ −116.73148147, was already discussed above, see Eq. (6.29).
There are many ways to satisfy these constraints. Indeed, at the 5PN level, we have one constraint, Eq. (7.16), for
three coefficients, c1, c2, c3, while at the 6PN level we have four constraints, Eqs. (7.17), for the twelve coefficients
28
d01, d
1
1, d
0
2, d
1
2, d
0
3, d
1
3, d
0
4, d
1
4, d
0
5, d
1
5, d
0
6, d
1
6. We can, however, streamline the discussion of these constraints by defining
a convenient reparametrization of the gauge-invariant content of the Hamiltonian contribution associated with the
flexibility factor f(t), namely
∆f−hH6PN = 2HFGW1PN ln(f)
= 2HFGW1PN(p, pr, r)
[
f1 + η
2
(
f2 − 1
2
f21
)]
. (7.18)
The latter flexibility-related Hamiltonian contains the three 5PN parameters ci, and the four 6PN parameters di
entering the flexibility factor f(t), Eqs. (7.5) . [Here, we count for simplicity each di, i = 1, . . . , 4, as one parameter,
though one must remember that each di(ν) = d
0
i + νd
1
i actually contains two numerical parameters.] Let us, however,
show that the flexibility described by f(t) can be parametrized by three other 5PN parameters, C1, C2, C3, and only
four 6PN parameters D1, D2, D3, D4. [Each new 6PN parameter Di will be again a linear function of ν, Di(ν) =
D0i + νD
1
i , and actually contain two numerical parameters.]
Indeed, it is shown in Appendix E that the 6PN flexibility contribution to the Hamiltonian, Eq. (7.18), is canonically
equivalent to the following (pr-gauge-type) Hamiltonian
∆f−hH ′6PN =
Mν3
r4
[
C1p
4
r + C2
p2r
r
+ C3
1
r2
+ η2
(
D1p
6
r +D2
p4r
r
+D3
p2r
r2
+D4
1
r3
)]
. (7.19)
The seven new parameters C1, C2, C3 and D1, D2, D3, D4 entering Eq. (7.19) are defined by the following explicit
functions of the original nine parameters ci, di:
C1 =
16
15
(13c1 + 74c2) ,
C2 =
16
15
(49c3 + 121c2 + 12c1) ,
C3 =
64
5
(c2 + c3) , (7.20)
and
D1 =
(
−328c
2
1
75
− 1664c1c2
75
+
38128c1
525
− 4736c
2
2
75
+
18944c2
75
)
ν − 15356c1
525
+
3424c2
175
+
656d1
75
+
9472d2
75
+
1664d4
75
,
D2 =
(
−32c
2
1
5
− 784c1c2
15
− 272c1c3
15
+
1576c1
45
− 3496c
2
2
15
− 5488c2c3
45
− 5584c2
105
+
70808c3
315
)
ν
−11212c1
63
− 28496c2
45
+
12944c3
315
+
64d1
5
+
6992d2
15
+
784d4
15
+
272d5
15
+
5488d6
45
,
D3 =
(
−64c1c2
5
− 64c1c3
5
− 112c1
5
− 1928c
2
2
15
− 464c2c3
3
− 8440c2
21
− 488c
2
3
15
− 3048c3
35
)
ν
−11708c1
105
− 18884c2
21
− 1724c3
3
+
3856d2
15
+
976d3
15
+
64d4
5
+
64d5
5
+
464d6
3
,
D4 =
(
−32c
2
2
5
− 64c2c3
5
− 112c2
5
− 32c
2
3
5
− 112c3
5
)
ν − 6332c2
105
− 11708c3
105
+
64d2
5
+
64d3
5
+
64d6
5
. (7.21)
The three Ci’s are in one-to-one correspondence with the
three ci’s, with the inverse relations ci = fi(Cj) given in
Eqs. (E6). On the other hand, the four Di’s capture the
full gauge-invariant content of the six di’s. [Two of the
di’s being pure gauge parameters; see Eqs. (E7).]
The five constraints discussed in the previous subsec-
tion can be entirely re-expressed in terms of the param-
eters Ci (i = 1 . . . 3), and Di = D
0
i + νD
1
i (i = 1 . . . 4).
Indeed, the scattering angle only depends on the the
time-integral (along an hyperbolic motion) of ∆f−hH6PN,
which is equal to the time-integral of ∆f−hH ′6PN. This
ensures that the scattering angle only depends on the
Ci’s and Di’s. Alternatively, using Eqs. (E6), (E7), we
could reexpress the energy-rescaled scattering-angle co-
efficients (7.14) in terms the Ci’s and Di’s. The results
read
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π−1χ˜f−h4 = −
3
32
C1ν
2p6∞ −
3
32
[(
1
2
− 3ν
)
C1 +
5
8
D1
]
ν2p8∞ ,
χ˜f−h5 = −
8
5
(
C1 +
1
3
C2
)
ν2p5∞ −
8
5
[(
43
14
− 41
14
ν
)
C1 +
(
1
6
− 2
3
ν
)
C2 +
5
7
D1 +
1
7
D2
]
ν2p7∞ ,
π−1χ˜f−h6 = −
15
16
(
3
2
C1 + C2 + C3
)
ν2p4∞
−15
16
[(
41
4
− 9
2
ν
)
C1 +
(
19
6
− 25
12
ν
)
C2 +
(
1
2
− ν
)
C3 +
5
4
D1 +
1
2
D2 +
1
6
D3
]
ν2p6∞ . (7.22)
Comparing these (simplified) expressions with the five
contributions to χ˜nonloc,hn that do not satisfy the rule (6.7)
(which were written down in Eqs. (6.28)), we now get the
following simplified versions of the five constraints (7.16),
(7.17).
At 5PN we have only one constraint, Eq. (7.16), which
now reads
C1 =
168
5
. (7.23)
At 6PN, the four constraints, Eq. (7.17), now imply
D01 =
398074
4725
− 4
5
C1
=
271066
4725
,
D11 = −
218648
4725
+
24
5
C1
=
21736
189
,
D12 = −
87428
945
− 7
2
C1 +
14
3
C2
= −39712
189
+
14
3
C2 ,
D13 =
65584
105
+
3
2
C1 − 3
2
C2 + 6C3 +
32
5
D
=
70876
105
− 3
2
C2 + 6C3 +
32
5
D . (7.24)
At the 5PN level, we have three flexibility parameters,
C1, C2, C3, and only one of them is determined, namely
C1, Eq. (7.23). It was pointed out in Ref. [2] that the
presence of two unconstrained 5PN flexibility parameters
(namely C2 and C3) is in one-to-one correspondence with
the existence of two 5PN-level undetermined coefficients
in the local Hamiltonian (namely d¯ν
2
5 and a
ν2
6 ). More
precisely, changing the values of C2 and C3 was shown
to be equivalent to shifting the values of d¯ν
2
5 and a
ν2
6 (see
Eqs. (8.21)–(8.22) of Ref. [2]). Alternatively, one could
uniquely fix C2 and C3, i.e., uniquely fix the flexibility
factor f , so as to reduce ∆f−hH to be minimal, in a pr-
type-gauge, i.e., to contain the minimum number of terms
needed to satisfy the scattering constraints. This was
formulated there in terms of the EOB parametrization of
the Hamiltonian. The result was that by choosing (see
Eqs. (8.24) of Ref. [2], here rescaled by ν as we recall)
cmin1 =
189
4
,
cmin2 = −
63
8
,
cmin3 =
63
8
, (7.25)
the f − h-piece of the EOB effective Hamiltonian was
reduced to be fully contained in the following specific
(minimal) Q term
∆fQmin =
336
5
ν2
p4r
r4
. (7.26)
Let us now show how these results can be generalized to
the 6PN level12. Let us first note that, when transcrib-
ing the 5PN-level minimal constraints (7.25) in terms of
the new parameters Ci, they are easily seen to simply
correspond to completing the constraint (7.23) by the
additional simple constraints
Cmin2 = 0,
Cmin3 = 0 . (7.27)
If we then insert the latter results in the four 6PN-level
constraints (7.24), we find that, among the eight 6PN co-
efficients D0i , D
1
i , i = 1, . . . , 4, four of them, namely D
0
1,
D11, D
1
2 and D
1
3 are completely fixed by combining the
5PN minimal choice (7.27) with the general 6PN con-
straints. This lead us to define the following minimal
12 It can be shown that a similar result holds at higher PN orders.
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solution of the 5+6PN constraints
Cmin1 =
168
5
,
Cmin2 = 0 ,
Cmin3 = 0 ,
Dmin1 =
271066
4725
+
21736
189
ν ,
Dmin2 = −
39712
189
ν ,
Dmin3 =
(
70876
105
+
32
5
D
)
ν ,
Dmin4 = 0 . (7.28)
Starting from this minimal solution of the flexibility con-
straints, we can decompose ∆f−hH ′6PN into two parts,
say
∆f−hH ′6PN = ∆
f−hH ′
min
6PN +∆
f−hH ′
CD
6PN . (7.29)
Here, ∆f−hH ′
min
6PN denotes the part that is built with the
minimal solution (7.28), namely
∆f−hH ′
min
6PN
M
= ν3
168
5
p4r
r4
+ ν3
(
271066
4725
+
21736
189
ν
)
p6r
r4
− ν4 39712
189
p4r
r5
+ ν4
(
70876
105
+
32
5
D
)
p2r
r6
.
(7.30)
On the other hand, ∆f−hH ′
CD
6PN denotes the part that in-
volves the six flexibility parameters that are left uncon-
strained by the general constraints (7.23), (7.24), namely:
C2, C3, D
0
2 , D
0
3, and D4 = D
0
4+νD
1
4. Explicitly, we have
∆f−hH ′CD6PN
M
= C2
ν3p2r
r5
+ C3
ν3
r6
+
(
D02 +
14
3
νC2
)
ν3p4r
r5
+
[
D03 + ν
(
−3
2
C2 + 6C3
)]
ν3p2r
r6
+ (D04 + νD
1
4)
ν3
r7
.
(7.31)
By using a suitable canonical transformation to trans-
form into standard EOB gauge the harmonic-type gauge
to which ∆f−hH ′CD6PN belongs
13, we can then transcribe
the unconstrained f -dependent Hamiltonian contribu-
tion ∆f−hH ′
CD
6PN in EOB format, i.e., in terms of the
potentials A, D¯ and Q parametrizing a general effective
Hamiltonian in pr-gauge, as in Eqs. (4.1), (4.2) of Ref.
13 Indeed, ∆f−hH′CD6PN is a contribution to the total nonlocal
Hamiltonian Hnonloc,f which is expressed in terms of harmonic
coordinates.
[3]). One then finds that adding the Hamiltonian contri-
bution ∆f−hH ′
CD
6PN, Eq. (7.31), is equivalent to adding
to the EOB potentials entering the f-route local Hamil-
tonian Hnonloc,f the following supplementary (5PN and
6PN) contributions
ACD = aCD6 u
6 + aCD7 u
7 ,
D¯CD = d¯CD5 u
5 + d¯CD6 u
6 ,
Q̂CD = qCD45 p
4
ru
5 , (7.32)
with 5PN-level terms,
aCD6 = 2ν
2C3 ,
d¯CD5 = 2ν
2C2 , (7.33)
and 6PN-level ones:
aCD7 = 2ν
2(D04 + νD
1
4) + ν
2(9− ν)C3 ,
d¯CD6 = ν
2(2D03 + 17C2 − 8C3)− ν3(2C2 + 30C3) ,
qCD45 = ν
2
(
2D02 +
7
3
C2
)
− 28
3
ν3C2 . (7.34)
By comparing the expressions (7.33), (7.34) to the ex-
plicit form of the EOB potentials of the 6PN f-route
local Hamiltonian H loc,f , as displayed in Table X of
[3], it is easily checked that the addition of the con-
tributions (7.33), (7.34) (including their explicit O(ν3)
terms) to H loc,f is equivalent to replacing the undeter-
mined EOB coefficients aν
2loc,f
6 , d¯
ν2loc,f
5 , . . . appearing in
H loc,f(aν
2loc,f
6 , d¯
ν2loc,f
5 , . . .) by the following shifted values
aν
2shifted
6 = a
ν2loc,f
6 + 2C3 ,
d¯ν
2shifted
5 = d¯
ν2loc,f
5 + 2C2 ,
aν
2shifted
7 = a
ν2loc,f
7 + 2D
0
4 + 9C3 ,
aν
3shifted
7 = a
ν3loc,f
7 + 2D
1
4 − C3 ,
d¯ν
2shifted
6 = d¯
ν2loc,f
6 + 2D
0
3 + 17C2 − 8C3 ,
qν
2shifted
45 = q
ν2loc,f
45 + 2D
0
2 +
7
3
C2 . (7.35)
The first two (5PN-level) equations are equivalent to Eqs.
(8.20)–(8.21) of Ref. [2] (taking into account the fact that
we separated here the term ν3 1685
p4r
r4 ).
In Eqs. (7.35) the undetermined parameters
aν
2loc,f
6 , . . ., appearing on the right-hand sides of the def-
initions of the various shifted parameters depend on the
choice of f (i.e., on the choice of the unconstrained Ci’s
and Di’s), while the shifted parameters a
ν2shifted
6 , . . ., on
the left-hand sides do not depend on the choice of f (be-
cause they parametrize the Hamiltonian Htot −H loc,h −
∆f−hH ′
min
6PN). Therefore, the choice of the values of the
unconstrained flexibility parameters C2, C3, D
0
2, . . . is a
kind of gauge-freedom that has no effect on the physical
consequences of the total Hamiltonian (which only de-
pends on the gauge-invariant shifted parameters defined
31
in Eqs. (7.35)). In other words, imposing the simple
additional constraints
C2 = 0 ,
C3 = 0 ,
D02 = 0 ,
D03 = 0 ,
D04 = 0 ,
D14 = 0 , (7.36)
which leads to the minimal values (7.28) of the flexibility
parameters, is a “gauge choice” such that the correspond-
ingminimal values of the undetermined EOB parameters,
say aν
2min
6 , . . ., simply coincide with the general gauge-
invariant shifted values defined in Eqs. (7.35):
aν
2min
6 = a
ν2shifted
6 ,
d¯ν
2min
5 = d¯
ν2shifted
5 ,
aν
2min
7 = a
ν2shifted
7 ,
aν
3min
7 = a
ν3shifted
7 ,
d¯ν
2min
6 = d¯
ν2shifted
6 ,
qν
2min
45 = q
ν2shifted
45 . (7.37)
In the following, we shall often use by default the min-
imal fixing of the flexibility factor, and of the associated
Hamiltonians, defined by using Eqs. (7.28) (i.e., satisfy-
ing Eqs. (7.36)). This leads, in particular, to the specific
value of ∆f−hH ′6PN given by Eq. (7.30). The corre-
sponding specific values of the original flexibility param-
eters ci, di defining the flexibility factor f(t) are discussed
in Appendix E.
VIII. NONLOCAL DELAUNAY HAMILTONIAN,
H¯nonloc,f6PN (IR, Iφ), RADIAL ACTION, I
nonloc,f
R 6PN (E, J),
AND PERIASTRON PRECESSION
As said in the Introduction, besides the scattering
angle, a second gauge-invariant characterization of the
f-route nonlocal dynamics can be given. It consists
in presenting the explicit form of the f-route nonlo-
cal contribution to the averaged (Delaunay) Hamil-
tonian, H¯nonloc,f(IR, Iφ), or equivalently the corre-
sponding contribution, Inonloc,fR 6PN (E, J), to the radial ac-
tion. The (gauge-invariant) information contained in
H¯nonloc,f(IR, Iφ) or I
nonloc,f
R 6PN (E, J) is also nearly fully en-
coded in the corresponding contribution to the periastron
advance. Indeed, we have the general identity
dH¯(IR, Iφ) = ΩRdIR +ΩφdIφ = ΩRdIR +KΩRdIφ ,
(8.1)
where
ΩR =
∂H¯(IR, Iφ)
∂IR
=
[
∂IR(E, J)
∂E
]−1
, (8.2)
denotes the radial frequency 2π/TR, while
K ≡ Φ(E, J)
2π
=
Ωφ
ΩR
= −∂IR(E, J)
∂J
= +
1
ΩR
∂H¯(IR, Iφ)
∂Iφ
, (8.3)
denotes the periastron advance K = 1 + k (where the
value 1 would correspond to the absence of periastron
advance).
We have given in Table XI of Ref. [2] the explicit,
5PN-accurate, expression of the f-route local Delaunay
Hamiltonian, H¯ loc,f(IR, Iφ). We gave also the explicit
value of the function I loc,fR (E, J) at the 5PN accuracy
in Ref. [2]. Concerning the 6PN-accurate f-route local
dynamics, we gave in Ref. [3] the explicit expression of
the radial action as a function of the EOB effective energy
I loc,fR (Eeff , J). We proved there that it had a remarkably
simple structure. Namely, it reads
I loc,fr (γ, j)
GMµ
= −j + IS0 (γ) +
IS1 (γ)
hj
+
I3(γ; ν)
(hj)3
+
I5(γ; ν)
(hj)5
+
I7(γ; ν)
(hj)7
+
I9(γ; ν)
(hj)9
+
I11(γ; ν)
(hj)11
. (8.4)
where h = h(γ, ν) = Etot/M as above; where the first
two coefficients, IS0 (γ), I
S
1 (γ), only depend on γ and have
the following very simple exact expressions
IS0 (γ) =
2γ2 − 1√
1− γ2
,
IS1 (γ) =
3
4
(5γ2 − 1) , (8.5)
and where all the other coefficients I2n+1(γ; ν) are poly-
nomials in ν of order n:
I2n+1(γ; ν) = I
S
2n+1(γ) +
n∑
k=1
Iν
k
2n+1(γ)ν
k . (8.6)
The explicit values of the coefficients I2n+1(γ; ν) were
given (at the 6PN accuracy) in Table XIV of Ref. [3],
while the exact (“Schwarzschild”) values, IS2n+1(γ), of
their test-mass limit, ν → 0, were given in Eq. (9.5)
there.
In view of the existence of efficient algebraic-
manipulation programs, there is no need to write down
here the 6PN-accurate f-route local effective Delaunay
Hamiltonian, H¯ loc,feff (IR, Iφ) corresponding to the inver-
sion of the explicit expression for I loc,fR (Eeff , J) given in
Ref. [3]. It might, however, be useful to emphasize again
the relation between the effective energy Eeff = µc
2+ · · ·
and the total energy Etot =Mc
2 + · · · (see Eq. (1.34)):
Etot = Mc
2
√
1 + 2ν
(Eeff
µc2
− 1
)
≡ Mc2
√
1 + 2ν(Êeff − 1) ≡Mc2h(γ, ν) , (8.7)
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where
Êeff ≡ Eeff
µc2
≡ γ . (8.8)
Let us now complete the results of Ref. [3] by explain-
ing in detail how the results derived above allow one to
explicitly write down the complementary nonlocal con-
tribution H¯nonloc,f6PN (IR, Iφ) to the total Delaunay Hamil-
tonian
H¯tot6PN(IR, Iφ) = H¯
loc,f
6PN (IR, Iφ) + H¯
nonloc,f
6PN (IR, Iφ) . (8.9)
It is the sum of three contributions
H¯nonloc,f6PN (IR, Iφ) = H¯
nonloc,h
4+5+6PN(IR, Iφ)
+ H¯nonloc,h5.5PN (IR, Iφ)
+ ∆f−hH¯(IR, Iφ) . (8.10)
The first contribution was computed in Ref. [3] (see Eq.
(3.31) there) in terms of the harmonic coordinate semi-
major axis ahr and eccentricity
14 eht (as a power series
expansion up to the order O((eht )
10) included) and reads
H¯nonloc,h4+5+6PN
M
=
ν2
(ahr )
5
[A4PN(eht ) + B4PN(eht ) ln ahr ]
+
ν2
(ahr )
6
[A5PN(eht ) + B5PN(eht ) ln ahr ]
+
ν2
(ahr )
7
[A6PN(eht ) + B6PN(eht ) ln ahr ] .
(8.11)
The explicit expressions of the 4PN and 5PN coefficients
A4PN, B4PN, A5PN, B5PN are written down in Table I
of Ref. [2], while the explicit expressions of the 6PN
coefficientsA6PN, B6PN, have been written down in Table
V or Ref. [3].
The second contribution was computed in Ref. [2] and
reads15
H¯nonloc,h5.5PN = +
µ2
M
c2
6848
525
π
(ahr )
13/2
ϕ(eht ) , (8.12)
where the expansion of the function ϕ(e) in powers of e
(up to the 16th order) is given in Eq. (12.7) there.
Let us clarify that the intermediate (ellipticlike) orbital
elements ahr and e
h
t used as arguments in these expres-
sions acquire a gauge-invariant meaning when they are
reexpressed as functions of E¯ ≡ Etot−Mc2µ and j ≡ JGMµ .
The corresponding expressions are given in Eqs. (A7)
(see also Table III in Ref. [3]).
14 Here, we are talking about ellipticlike orbital elements.
15 After correcting a sign error on the right-hand side of Eq. (12.6)
in Ref. [2].
Note that the replacement of the latter functions16
ar(E, J), et(E, J) in the expressions (8.11), (8.12), would
be appropriate for computing the corresponding values of
the radial action, namely
Inonloc,hR 4+5+6PN(E, J) = −
1
ΩR
H¯nonloc,h4+5+6PN(IR, Iφ) ,
InonlocR 5.5PN(E, J) = −
1
ΩR
H¯nonloc5.5PN (IR, Iφ) , (8.13)
where ΩR = 2π/TR denotes the radial frequency. The
2PN-accurate expression of n ≡ GMΩR in terms of E¯
and j is given in Eq. (A12).
Indeed, E and J are the natural arguments for the
radial action. On the other hand, the natural variables
for the Delaunay Hamiltonian are, by definition, IR and
Iφ ≡ J . Therefore we must use the (2PN-accurate) trans-
formation between E, J and IR, Iφ. This transformation
(first derived in [8]) is given (in both directions), at the
2PN accuracy, in Appendix A in terms of the rescaled
action variables
ir ≡ IR
GMµ
,
iφ ≡ Iφ
GMµ
≡ j ,
irφ ≡ ir + iφ ≡ ir + j , (8.14)
Note the important point that the function e2t (ir, iφ),
given in Eq. (A11), contains ir as an overall factor. In
other words, e2t vanishes like ir when ir → 0, keeping
fixed iφ. This expresses the fact that the ellipticlike ec-
centricity17 et is a good quasi-Keplerian eccentricity that
vanishes along circular motions (the latter being intrinsi-
cally defined by the property ir = 0). This property also
ensures that the expression we computed for the nonlo-
cal Delaunay Hamiltonian as a truncated expansion in
powers of et (up to e
10
t included) becomes transformed,
when expressed as a function of ir and iφ = j, as a trun-
cated expansion in powers of ir (up to i
5
r included). In
turn, this ensures that, for example, the corresponding
contribution to the periastron advance is obtained as an
expansion in powers of ir (up to i
5
r included).
So far we have discussed the explicit expressions of the
first two contributions to the nonlocal Delaunay Hamil-
tonian, Eq. (8.10). It remains to discuss the third con-
tribution, namely ∆f−hH¯(IR, Iφ).
In view of Eq. (7.2), it is given by
∆f−hH¯(IR, Iφ) =
2π
ΩR
W f−hell , (8.15)
16 For brevity, we henceforth omit the superscript h on ar , and et.
17 Beware that it does not coincide with the analytic continuation
of its hyperboliclike counterpart.
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where
W f−hell = +2
GHtot
c3
∮
dtF split2PN (t, t) ln(f(t))
= 2
GHtot
c5
∮
dtFGW1PN(t)
[
f1 + η
2
(
f2 − 1
2
f21
)]
=
∮
dt∆f−hH ′6PN , (8.16)
where ∆f−hH ′6PN is given by Eq. (7.19). Using the 2PN-
accurate quasi-Keplerian representation of elliptic mo-
tions in harmonic coordinates (see, e.g., section III of
[3]), it is a straightforward matter to compute the ellip-
tic integralW f−hell . Its exact expression in terms of ar and
et reads
W f−hell (ar, et) =W
f−h
ell 0 + η
2W f−hell 2 , (8.17)
where
W f−hell 0 = 2πM
2ν3
w0
[ar(1− e2t )]9/2
,
W f−hell 2 = 2πM
2ν3
wν
0
2 + νw
ν1
2
[ar(1− e2t )]11/2
, (8.18)
with
w0 = C3 +
(
3C3 +
1
2
C2
)
e2t +
3
8
(C3 + C2 + C1)e
4
t +
1
16
C1e
6
t ,
wν
0
2 =
9
2
C3 +D
0
4 +
(
1
2
D03 + 81C3 +
21
4
C2 + 5D
0
4
)
e2t +
(
371
16
C2 +
3
4
D03 +
3
8
D02 +
99
16
C1 +
1539
16
C3 +
15
8
D04
)
e4t
+
(
117
16
C3 +
133
16
C2 +
199037
7560
+
339
32
C1 +
1
16
D03 +
3
16
D02
)
e6t +
(
15
16
C1 +
199037
60480
)
e8t ,
wν
1
2 = −
1
2
C3 +D
1
4 +
(
−3
2
C2 +
32792
105
+ 5D14 +
16
5
D +
3
4
C1 − 25C3
)
e2t
+
(
−555
16
C3 − 15
2
C2 − 9
8
C1 +
15
8
D14 +
24
5
D +
273271
630
)
e4t
+
(
−105
32
C1 − 45
16
C3 +
27331
3780
− 45
16
C2 +
2
5
D
)
e6t +
(
−27331
15120
− 9
32
C1
)
e8t . (8.19)
When using the minimal values, Eqs. (7.28), of the flex-
ibility parameters, this result takes the following explicit
form
w0min =
63
5
e4t +
21
10
e6t ,
wν
0
2min =
2079
10
e4t +
2890019
7560
e6t +
2104157
60480
e8t ,
wν
1
2min =
(
35438
105
+
16
5
D
)
e2t +
(
249457
630
+
24
5
D
)
e4t
+
(
−194707
1890
+
2
5
D
)
e6t −
34043
3024
e8t . (8.20)
Similarly to the treatment above of H¯nonloc,h4+5+6PN and
H¯nonloc,h5.5PN we can then re-expressW
f−h
ell as a function of E
and J , and ∆f−hH¯ as a function of IR, and Iφ, by using
the 2PN-accurate transformations explicitly given above.
As already mentioned, in view of the existence of ef-
ficient algebraic-manipulation programmes there is no
need to write down here the long expressions obtained
after these transformations. Let us, instead, cite the ex-
plicit forms of two of the simplest gauge-invariant quan-
tities one can derive from our results: the value of the
nonlocal contribution to the total energy along circular
orbits, and the value of the nonlocal contribution to the
periastron advance, also computed along circular orbits.
They are both obtained by taking the limit IR → 0,
namely
Enonloc,X,circ(J) =
[
H¯nonloc,X(IR, Iφ)
]
IR=0
,
Knonloc,X,circ(J) =
[
1
ΩR
∂H¯nonloc,X(IR, Iφ)
∂Iφ
]
IR=0
.
(8.21)
Here, X, is a label distinguishing the various contribu-
tions to the nonlocal action. Following the decomposition
(8.10) we have
Enonloc,f,circ(J) = Enonloc,h,circ4+5+6PN (J)
+ Enonloc,h,circ5.5PN (J)
+ Ef−h,circ(J) . (8.22)
These three nonlocal contributions must be added to the
f-route local contribution, Eloc,f,circ(J), to obtain the to-
tal circular energy
Etot,circ(J) = Eloc,f,circ(J) + Enonloc,f,circ(J) . (8.23)
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Similarly, the total periastron advance along circular or-
bits can be decomposed as
Ktot,circ(J) = K loc,f,circ(J) +Knonloc,f,circ(J) , (8.24)
where
Knonloc,f,circ(J) = Knonloc,h,circ4+5+6PN (J)
+ Knonloc,h,circ5.5PN (J)
+ K f−h,circ(J) . (8.25)
Using rescaled variables, we find the following results for
these quantities
Eloc,f,circ≤6PN (j)
M
= 1− ν
2
η2
j2
+
(
−ν
2
8
− 9ν
8
)
η4
j4
+
(
−ν
3
16
+
7ν2
16
− 81ν
16
)
η6
j6
+
[
−5ν
4
128
+
5ν3
64
+
(
8833
384
− 41π
2
64
)
ν2 − 3861ν
128
]
η8
j8
+
[
−7ν
5
256
+
3ν4
128
+
(
41π2
128
− 8875
768
)
ν3 +
(
989911
3840
− 6581π
2
1024
)
ν2 − 53703ν
256
]
η10
j10
+
[(
aν
2
6
2
+
29335π2
2048
− 1679647
3840
)
ν3 − 21ν
6
1024
+
5ν5
1024
+
(
41π2
512
− 3769
3072
)
ν4
+
(
3747183493
1612800
− 31547π
2
1536
)
ν2 − 1648269ν
1024
]
η12
j12
+
[
ν3
(
39aν
2
6
4
+
aν
2
7
2
− 1681π
4
512
+
10605841π2
24576
− 10727952929
1075200
)
+ν4
(
aν
2
6
4
+
aν
3
7
2
− 21383π
2
8192
+
1007737
7680
)
− 33ν
7
2048
− 7ν
6
2048
+
(
41π2
1024
− 2537
3072
)
ν5
+
(
576215112401
29030400
+
1322752463π2
3538944
− 2800873π
4
524288
)
ν2 − 27078705ν
2048
]
η14
j14
, (8.26)
Enonloc,h,circ4+5+6PN (j)
M
=
64
5
ν2
η10
j10
{
ln
(
4
eγ
j
)
+
[
1
2
+
3793
336
ln
(
4
eγ
j
)
− 155
12
ln(2) +
1215
896
ln(3)
+
(
1
2
− 7
4
ln
(
4
eγ
j
)
+
155
28
ln(2)− 1215
224
ln(3)
)
ν
]
η2
j2
+
[
982207
9072
ln
(
4
eγ
j
)
− 106783
9072
ln(2) +
6075
448
ln(3) +
5977
672
+
(
−79727
2016
ln
(
4
eγ
j
)
+
211849
6048
ln(2) +
5977
672
− 83835
1792
ln(3)
)
ν
+
(
76319
1512
ln(2)− 5
8
+
1
2
ln
(
4
eγ
j
)
− 13365
448
ln(3)
)
ν2
]
η4
j4
}
,
Enonloc,h,circ5.5PN (j)
M
=
6848
525
ν2π
η13
j13
,
Ef−h,circ(j)
M
= ν3
η12
j12
[
C3 + (24C3 +D4)
η2
j2
]
. (8.27)
Note that the minimal version of ∆f−hH ′6PN, Eq. (7.30), leads to a vanishing value of E
f−h,circ(j)
Ef−h,circmin (j) = 0 . (8.28)
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On the other hand, if one does not use the minimal version of ∆f−hH ′6PN, the total energy is easily checked to depend
only on the shifted versions of the undetermined parameters aν
2
6 , a
ν2
7 and a
ν3
7 defined in Eqs. (7.33), (7.34), (7.35).
Similarly for the periastron advance
K loc,f,circ≤6PN (j) = 1 + 3
η2
j2
+
(
45
2
− 6ν
)
η4
j4
+
[
405
2
+
(
−202 + 123
32
π2
)
ν + 3ν2
]
η6
j6
+
[
15795
8
+
(
185767
3072
π2 − 105991
36
)
ν +
(
−41
4
π2 +
2479
6
)
ν2
]
η8
j8
+
[
161109
8
+
(
−18144676
525
+
488373
2048
π2
)
ν +
(
−1
2
d¯ν
2
5 −
15
2
aν
2
6 −
9225
32
π2 +
21399
2
)
ν2
+
(
−1627
6
+
205
32
π2
)
ν3
]
η10
j10
+
[
3383289
16
+
(
−2299413173213
6350400
− 10107671003
1179648
π2 +
7335303
65536
π4
)
ν
+
(
−361
2
aν
2
6 −
21
2
aν
2
7 − 9d¯ν
2
5 −
1
2
d¯ν
2
6 +
85731
2048
π4 − 8043499
1024
π2 +
1859633
8
)
ν2
+
(
15
2
aν
2
6 +
1
2
d¯ν
2
5 −
21
2
aν
3
7 +
1290233
3072
π2 − 2190437
144
)
ν3 +
75
2
ν4
]
η12
j12
,
Knonloc,h,circ4+5+6PN (j) = −
64
10
ν
η8
j8
{
−11 + 157
6
ln
(
4
eγ
j
)
− 277
6
ln(2) +
729
16
ln(3)
+
[
−59723
336
+
9421
28
ln
(
4
eγ
j
)
− 11237
28
ln(2) +
112995
224
ln(3)
+
(
2227
42
− 617
6
ln
(
4
eγ
j
)
− 1957
2
ln(2) +
54675
112
ln(3)
)
ν
]
η2
j2
+
[
−4446899
2016
+
11076725
3024
ln
(
4
eγ
j
)
− 5347151
1008
ln(2) +
10528947
1792
ln(3) +
48828125
145152
ln(5)
+
(
358987
252
− 363851
168
ln
(
4
eγ
j
)
− 10931765
1512
ln(2) +
4626963
896
ln(3)− 48828125
24192
ln(5)
)
ν
+
(
−136369
1512
+
775
6
ln
(
4
eγ
j
)
− 1315051
126
ln(2) +
4333905
1792
ln(3) +
48828125
16128
ln(5)
)
ν2
]
η4
j4
}
,
Knonloc,h,circ5.5PN (j) = −
99938
315
νπ
η11
j11
,
K f−h,circ(j) = −ν2 η
10
j10
{
15C3 + C2 +
[
903
2
C3 +
53
2
C2 + 21D
0
4 +D
0
3
+
(
−51
2
C3 +
70876
105
− C2 + 21D14 +
32
5
D
)
ν
]
η2
j2
}
. (8.29)
The minimal version of ∆f−hH ′6PN, (7.30), leads to the following simple value for K
f−h,circ(j)
K f−h,circmin (j) = −
32
5
ν3
η12
j12
(
17719
168
+D
)
. (8.30)
Again, if one does not use the minimal version of ∆f−hH ′6PN, the total periastron advance is easily checked to depend
only on the shifted versions of the undetermined parameters d¯ν
2
5 , . . . defined in Eqs. (7.33), (7.34), (7.35).
It is useful to express both the binding energy and the periastron advance along circular orbits in terms of the
dimensionless frequency variable x = (GMΩφ/c
3)2/3 by replacing j as a function of x. For simplicity, we henceforth
use the minimal version, Eqs.(7.28), of the flexibility factor (corresponding to the explicit minimal Hamiltonian
contribution (7.30)). [Accordingly, we replace the undetermined parameters by their minimal values.]
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We then find the following explicit relation between j and x
j =
1√
x
{
1 +
(
1
6
ν +
3
2
)
x+
(
1
24
ν2 − 19
8
ν +
27
8
)
x2 +
[
135
16
+
7
1296
ν3 +
31
24
ν2 +
(
41
24
π2 − 6889
144
)
ν
]
x3
+
[
2835
128
− 55
31104
ν4 − 215
1728
ν3 +
(
356035
3456
− 2255
576
π2
)
ν2 +
(
−128
3
γ − 6455
1536
π2
−256
3
ln(2)− 64
3
ln(x) +
98869
5760
)
ν
]
x4
+
[
15309
256
− 1
768
ν5 − 55
768
ν4 +
(
451
128
π2 − 25189
256
)
ν3
+
(
1312
15
ln(x) +
1944
7
ln(3) +
21337
1536
π2 − 2aν2min6 +
6976
105
ln(2) +
2624
15
γ − 341671
1440
)
ν2
+
(
59112343
44800
+
9976
105
ln(x) − 486
7
ln(3) +
47344
105
ln(2) +
19952
105
γ − 126779
768
π2
)
ν
]
x5
−89024
1575
πνx11/2
+
[
168399
1024
− 1729
6718464
ν6 − 3283
248832
ν5 +
(
18298567
373248
− 173635
124416
π2
)
ν4
+
(
−41216
135
γ − 7
3
aν
3min
7 −
4221791
110592
π2 +
7
2
aν
2min
6 + 1134 ln(3)−
20608
135
ln(x)
+
49890383
51840
− 240112
81
ln(2)
)
ν3
+
(
99652
81
ln(2)− 7
3
aν
2min
7 −
76581497731
14515200
− 11767
2304
π4
+
54738593
110592
π2 − 166324
135
γ − 5751
2
ln(3)− 7
2
aν
2min
6 −
83162
135
ln(x)
)
ν2
+
(
247758680837
43545600
+
178844
1215
ln(x) +
357688
1215
γ − 47656
243
ln(2) +
19606111
786432
π4
+648 ln(3)− 5802762665
5308416
π2
)
ν
]
x6
}
. (8.31)
Using the latter relation, the binding energy as a function of x reads
Etot,circ≤6PN (x) =Mc
2 + Etot,circ≤4PN (x) + E
tot,circ
5+5.5+6PN(x) , (8.32)
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where Etot,circ≤4PN (x) is given by Eq. (5.5) of Ref. [4], and where
Etot,circ5+5.5+6PN(x) = −
µ
2
x
{[
−45927
512
+
(
−228916843
115200
− 23672
35
ln(2)− 9976
35
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729
7
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ln(x) +
126779
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7
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243
ln(2)
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6 −
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ln(x) +
63261
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ln(3)
+
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14515200
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3
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7 −
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81
ln(2) +
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γ
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+
(
64768
135
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135
ln(x)− 11
2
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6 − 1782 ln(3) +
6634243
110592
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+
2641232
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3
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7
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ν3
+
(
272855π2
124416
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373248
)
ν4 +
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248832
ν5 +
2717
6718464
ν6
]
x6
}
. (8.33)
Similarly, when using the minimal version of the flexibility factor, the periastron advance expressed in terms of x
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reads
Ktot,circ≤6PN (x) = 1 + 3x+
(
27
2
− 7ν
)
x2 +
[
135
2
+ 7ν2 +
(
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4
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123
32
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)
ν
]
x3
+
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2835
8
+
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15
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−451
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15309
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ln(2)
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7335303
65536
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945
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ln(x)
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+
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2
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5 −
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2
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7 − 56aν
2min
6 +
388640863
20160
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105
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105
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2
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+
(
−10176
5
γ − 88248109
15120
− 9765625
504
ln(5)− 2930337
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ln(3)
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ln(2) +
4
3
d¯ν
2min
5
−21
2
aν
3min
7 −
5088
5
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x6 . (8.34)
The 4PN-level periastron advance (along circular orbits)
was first obtained in Refs. [55, 67], and later rederived
by a different approach in Ref. [90]. Ref. [67] also de-
rived the 5.5PN periastron advance. The terms O(x5)
and O(x6) corresponding to the 5PN and 6PN orders,
respectively, are computed here for the first time, mod-
ulo the undetermined parameters d¯ν
2min
5 , a
ν2min
6 , . . ., that
enter the minimal version defined in Eqs. (7.28). We
recall that, when using nonzero values of the uncon-
strained flexibility parameters, any physical quantity will
be given by the same expression as the minimal one,
with the qualification that the parameters aν
2min
6 , . . .,
would be replaced by aν
2shifted
6 , etc, as defined in Eqs.
(7.35). By contrast, the linear-in-ν part of these coeffi-
cients is fully determined, reproducing the corresponding
known terms [91] in the EOB function ρ(x) such that
K−2(x) = 1− 6x+ νρ(x) +O(ν2).
IX. DISCUSSION
The recent renewed interest in the gravitational scat-
tering of a two-body system has led to further improve-
ments in the associated analytical modeling within PN-
PM theory. In this work we have raised the present
knowledge of the nonlocal-in-time part of the scattering
angle at the 6PN level, and at the next-to-next-to-leading
order in the large eccentricity of the orbital dynamics.
The intricacy of the NNLO level in the scattering angle
shows up in the appearance of ζ(3) in some of the inte-
grals making up the final result, see Eqs. (3.45), (3.46).
It also shows up in the fact that we could not compute an-
alytically a third integral (namely c42 or equivalently d42,
Eq. (4.14), Table VI) entering the final result, though we
did evaluate it numerically. Going beyond the NNLO in
the large eccentricity expansion remains a challenge for
future calculations. By considering the mass-ratio de-
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pendence of the scattering angle, we discovered in pass-
ing a hidden simplicity in the mass-ratio dependence of
the gravitational-wave energy loss of a two-body system
(see subsection VIIB). The mass-ratio dependence of the
nonlocal scattering angle allowed us to determine (in sec-
tion VII) the contribution to the Hamiltonian linked to
the flexibility factor f(t). In particular, we discussed a
minimal way to fix the residual gauge freedom present in
the choice of f(t), see Eqs. (7.28), (7.30).
Besides our results on the scattering angle at the 6PN
level, we gave several other gauge-invariant characteri-
zations of the nonlocal-in-time dynamics. We computed
the nonlocal part of the averaged (Delaunay) Hamilto-
nian for ellipticlike motions up to the tenth order in ec-
centricity, see section IX, and Appendix F. We then ex-
tracted from the latter results two (partial but useful)
physical observables: the energy and the periastron pre-
cession along circular orbits. We expressed the latter
quantities both in terms of the angular momentum and
in terms of the orbital frequency. Additional results and
details are presented in several Appendices. In particu-
lar: (i) the details of our frequency-domain computations
are presented in Appendices B and C; (ii) Appendix G
completes the information about the h-route nonlocal dy-
namics by giving the explicit value of the O(p8r) part of
the corresponding EOB Q potential; while (iii) Appendix
H gives the elliptic-motion-average of the ln(rh12/s) part
of the Hamiltonian.
Though our results for the nonlocal dynamics are com-
plete, our method has allowed us to compute the com-
plementary local dynamics only modulo a small number
of undetermined numerical parameters. Namely, two pa-
rameters at the 5PN level, and four at the 6PN level.
Recent progress in the computer-aided evaluation of the
5PN-level dynamics of binary systems [59–62] gives hope
that it might become soon possible to extract the two
missing 5PN coefficients (denoted d¯ν
2
5 and a
ν2
6 ) by com-
paring the observables deducible from a 5PN-accurate
Hamiltonian computed in (say) harmonic coordinates
with the gauge-invariant functions we presented above,
thereby completing the knowledge of the 5PN dynamics.
However several of the subtleties we had to cope with
at 5PN might stand in the way. We have particularly in
mind the following two facts: (i) our method makes use of
the knowledge of the multipole moments (including self-
gravity contributions) acquired by the Multipolar Post-
Minkowskian (MPM) formalism; and (ii) our method
uniquely determines all the terms quadratic in one mass
in the action by a well-defined matching between the near
zone (potential modes) and the wave zone (soft radiation
modes) based on the use of a global Green’s function
(computed by means of black-hole perturbation theory).
By contrast, the EFT approach used in Refs. [59–62]: (i)
has not yet succeeded in computing self-gravity correc-
tions to the multipole moments (Ref.[92] rederived only
the linearized gravity limit which had been known for
many years [93]) ; and, (ii) has not yet presented a full
ab initio computation showing that the “strategy of re-
gions” [94] does reproduce, at the 4PN level, the correct
nearzone-wavezone matching, first obtained in Ref. [4]
by combining the globally matched 4PN-level self-force
result of Ref. [95], with the 4PN near-zone computa-
tion of Ref. [53]. [The EFT-based derivations of the
full 4PN dynamics in Refs. [58, 59] have heuristically
added together the results of two different EFT-like com-
putations (namely a wavezone EFT computation [96, 97])
and a nearzone EFT one [57, 59] without showing that
this comes out automatically from a decomposition of the
original (non PN-expanded) action into the contributions
coming from two different regions of momentum space.]
We therefore expect that it will be difficult for a direct
EFT computation of the action to unambiguously apply,
in a technically complete way, the strategy of regions at
the more intricate 5PN level.
Having this potential difficulty in mind, we therefore
suggest to use, within the EFT approach, the strategy
that led to the first derivation [4] of the complete 4PN-
level dynamics. Indeed, the basic fact underlying the suc-
cess (and completeness) of this strategy is that the sole
possible ambiguity in combining the near-zone Hamilto-
nian with the wave-zone one comes from combining the
logarithmic infrared divergence entering the former com-
putation, with the logarithmic ultraviolet divergence en-
ter the latter one. In other words, if we introduce (like in
the old-style computations of the Lamb shift) an inter-
mediate scale s (with r12 ≪ s≪ c/Ωφ), the former com-
putation contains a term 2GHc5 FGW(t) ln
(
rh12(t)
sNZ
)
while
the latter one contains a term 2GHc5 FGW(t) ln (ΩφsWZ/c).
Here, sNZ denotes the intermediate scale s when it is
used as an infrared cutoff in a near-zone computation
(involving potential modes), while sWZ denotes the in-
termediate scale s when it is used as an ultraviolet cutoff
in a wave-zone computation (involving radiation modes).
In summing the results of these two regions, the inter-
mediate scale s should disappear, but any ambiguity in
the identification between sNZ and sWZ will introduce an
ambiguity in the total Hamiltonian equal to
HC = 2C
GH
c5
FGW(t) , (9.1)
where
C = ln
(
sWZ
sNZ
)
, (9.2)
is some pure number. We emphasize here that the same
result (presence of the single-parameter ambiguity (9.2))
holds also at the 5PN and 6PN levels because the only
delicate divergences18 entering the near-zone and wave-
zone computations are logarithmic, and have both the
same, known coefficient 2GHc5 FGW(t).
18 We assume here that the (unphysical [98]) ultraviolet divergences
due to the use of a point-mass description have been separately
regularized; e.g. by using dimensional regularization.
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At the 4PN level, Ref. [4] had introduced such a sin-
gle logarithmic ambiguity constant and had shown how
the sum of the near-zone (local19) Hamiltonian and the
wave-zone (tail-related) one, together with the use of the
globally-matched self-force 4PN Hamiltonian [95], led to
a unique answer for the full (local-plus-nonlocal) Hamil-
tonian. The advantage of this strategy is that it is enough
to know three partial results to apply it, namely: (i) a
knowledge of the near-zone (potential-modes) Hamilto-
nian restricted to the scales r < sNZ; (ii) a knowledge
of the wave-zone Hamiltonian, restricted to the scales
r > sWZ; and (iii) a knowledge of the globally-matched
self-force result (which unambiguously determines the
O(ν2) part of the total Hamiltonian). Our method pro-
vides explicit (and complete) results for the items (ii) and
(iii), while it needs to be completed by a near-zone com-
putation for determining the undetermined parameters
aν
2
6 , etc, entering our local Hamiltonian.
From the practical point of view, we are therefore sug-
gesting to compare (say at the 6PN level) the gauge-
invariant content of
HEFT,tot6PN = H
EFT,loc,s
6PN +H
C
− GH
c5
Pf2s/c
∫
dτ
|τ |F
split
2PN (t, t+ τ) , (9.3)
to that of our full Hamiltonian
Hour,tot6PN = H
loc,f
6PN +H
nonloc,f
6PN
= H loc,f6PN +H
nonloc,h
6PN +∆
f−hH6PN . (9.4)
As
Hnonloc,h6PN (t) = −
GH
c5
Pf2s/c
∫
dτ
|τ |F
split
2PN (t, t+ τ)
+ 2
GH
c5
FGW2PN(t) ln
(
rh12(t)
s
)
, (9.5)
we see that the identification between the two Hamilto-
nians boils down to identifying what one can call their
near-zone parts, namely, on the one hand,
HEFT,NZ6PN = H
EFT,loc,s
6PN +H
C , (9.6)
where s denotes any scale used to regularize the infrared
divergence of HEFT,loc, and, on the other hand,
Hour,NZ6PN = H
loc,f
6PN +∆
f−hH6PN
+ 2
GH
c5
FGW2PN(t) ln
(
rh12(t)
s
)
. (9.7)
There are various ways to identify (in a gauge-invariant
manner) these two near-zone Hamiltonians. One can look
19 Note that in Ref. [4] and in the present discussion the meaning
of “local” is different from the one used in our method.
for a canonical transformation mapping on into the other
one, or one can identify gauge-invariant observables. We
have provided above (and in our previous papers [2, 3])
several gauge-invariant functions that can be used in this
respect. However, as the last term on the right-hand side
of Eq. (9.7) has been incorporated in our recent devel-
opments into the nonlocal part of the Hamiltonian, and
was not separately studied (in a gauge-invariant way),
we decided to complete our gauge-invariant characteriza-
tion of the near-zone dynamics by giving the value of its
Delaunay average, namely
〈H4+5+6PNnonloc,ln,h〉 =
1∮
dt
∮
2
GH
c5
F split2PN (t, t) ln
(
rh12(t)
s
)
dt .
(9.8)
The explicit value of the latter 6PN-accurate Delaunay
average will be found in Appendix H as a function of ahr
and eht (up to the tenth order in e
h
t ).
Summarizing: the identification between Eq. (9.6) and
Eq. (9.7) yields, in our opinion, an efficient way (avoid-
ing a full use of the strategy of regions) to determine at
once the values of our undetermined parameters aν
2
6 , . . .,
and the value of the single nearzone-wavezone separation
ambiguity constant C (which we have incorporated here
in Eq. (9.6)). Our determination of most of the ν depen-
dence of the Hamiltonian will also provide many checks
of the computation of HEFT,NZ6PN .
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Appendix A: Compendium of useful PN results
We collect in this Appendix some known results in
PN theory. When working at the 6PN level we often
need only fractionally 2PN-accurate results on the dy-
namics. In some parts, we only need 1PN-level results
such as the Einstein-Infeld-Hoffmann-Fichtenholz 1PN
Lagrangian for the relative motion (see, e.g., Ref. [81])
Lh1PN
µ
=
1
2
v2 +
GM
r
+ η2
{
1
8
(1− 3ν)v4
+
GM
2r
[
(3 + ν)v2 + ν(n · v)2 − GM
r
]}
,(A1)
where v2 = r˙2+r2φ˙2. This determines the corresponding
momenta
pr =
∂Lh1PN
∂r˙
= Cr r˙ , pφ =
∂Lh1PN
∂φ˙
= Cφ r
2φ˙ , (A2)
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with
Cr = 1 + η
2
(
(1− 3ν)
2
v2 +
GM
r
(3 + 2ν)
)
,
Cφ = 1 + η
2
(
1− 3ν
2
v2 + (3 + ν)
GM
r
)
, (A3)
so that p2 = p2r +
p2φ
r2 = C
2
r r˙
2 + C2φr
2φ˙2.
The corresponding 1PN-accurate Hamiltonian (ex-
pressed in terms of p = pphys/µ; and using c = 1) reads
H1PN(r, pr, j)−M
µ
=
(
1
2
p2 − GM
r
)
+η2
[
1
8
(3ν − 1)p4 − GM
2r
(ν + 3)p2
−GM
2r
νp2r +
(GM)2
2r2
]
.
(A4)
We often rescale r according to rphys = GMr.
We will also need the expression of the 1PN-accurate
gravitational wave energy flux [88] in terms of r =
rphys/GM and p:
FGW1PN(p, pr, r) =
8
15
ν2
(12p2 − 11p2r)
r4
+η2ν2
{
1
r4
[(
1374
35
− 248
7
ν
)
p4r +
(
−5332
105
+
248
7
ν
)
p2p2r +
(
898
105
+
104
35
ν
)
p4
]
+
1
r5
[(
176
21
ν +
9568
105
)
p2r +
(
−9472
105
− 1024
105
ν
)
p2
]
+
1
r6
(
32
105
− 128
105
ν
)}
. (A5)
The parameters entering the quasi-Keplerian
parametrization, Eq. (3.4), of the hyperbolic mo-
tion (in harmonic coordinates) are listed in Table VIII,
as functions of the variables
E¯ ≡ Etot −Mc
2
µc2
; j ≡ cJ
GMµ
. (A6)
Let us also recall (from Table II in Ref. [3]) the expres-
sions of the (harmonic-coordinates) rescaled semi-major
axis and time-eccentricity entering the 2PN-accurate
quasi-Keplerian representation of elliptic motion in terms
of E¯ and j:
ar =
1
(−2E¯)
{
1 +
(−2E¯)
4
(−7 + ν)η2 + (−2E¯)
2
16
[
1 + ν2 +
16
(−2E¯)j2 (7ν − 4)
]
η4
}
,
e2t = 1 + 2E¯j
2 +
(−2E¯)
4
[−8(1− ν)− (−2E¯)j2(−17 + 7ν)]η2
+
(−2E¯)2
8
[
4(3 + 18ν + 5ν2)− (−2E¯)j2(112− 47ν + 16ν2)
− 16
(−2E¯)j2 (−4 + 7ν)− 24
√
−2E¯j(−5 + 2ν) + 24√−2E¯j (−5 + 2ν)
]
η4 . (A7)
Beware that the latter elliptic definition of e2t is not equal
to the analytic continuation in E¯ of its hyperbolic coun-
terpart, listed in Table VIII (while a¯r is the analytic con-
tinuation of −ar). Using the rescaled action variables
ir ≡ cIR
GMµ
,
iφ ≡ cIφ
GMµ
≡ j ,
irφ ≡ ir + iφ ≡ ir + j , (A8)
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TABLE VIII: Quasi-Keplerian representation of the hyperbolic 2PN motion (in harmonic coordinates). We use the variables
ν = m1m2/(m1 +m2)
2, E¯, Eq. (1.36), and j, Eq. (1.37).
n¯ (2E¯)3/2
[
1 + E¯
4
(15− ν)η2 + E¯2
32
(
555 + 30ν + 11ν2
)
η4
]
a¯r
1
2E¯
{
1 + E¯
2
(7− ν)η2 + E¯2
4
[
1 + ν2 − 8
E¯j2
(7ν − 4)
]
η4
}
e2t 1 + 2E¯j
2 + E¯
[−E¯j2(−17 + 7ν) + 4(1− ν)] η2 + E¯2 [2(3 + 18ν + 5ν2) + E¯j2(112− 47ν + 16ν2) + 4
E¯j2
(−4 + 7ν)
]
η4
e2r 1 + 2E¯j
2 + E¯
[−5E¯j2(3− ν) + 2(−6 + ν)] η2 + E¯2 [30 + 74ν + ν2 + E¯j2(80− 45ν + 4ν2) + 8
E¯j2
(−4 + 7ν)
]
η4
e2φ 1 + 2E¯j
2 + E¯
[−E¯j2(15− ν)− 12] η2 + E¯2
4
[
−416+91ν+15ν2
2E¯j2
+ 2(−20 + 17ν + 9ν2) + 2E¯j2(160 − 31ν + 3ν2)
]
η4
ft
3
2
(2E¯)3/2
j
(5− 2ν) η4
gt − (2E¯)
3/2
8j
√
1 + 2E¯j2ν (−15 + ν) η4
fφ
1+2E¯j2
8j4
(
1 + 19ν − 3ν2) η4
gφ
1
32
(1+2E¯j2)3/2
j4
ν (1− 3ν) η4
K 1 + 3
j2
η2 + 3
4j4
[−2E¯j2(−5 + 2ν) + 5(7− 2ν)] η4
with
ir = −j − 1√−2E¯
+
[
3
j
− 1
8
(ν − 15)
√
−2E¯
]
η2
+
[
−5(2ν − 7)
4j3
+
3(2ν − 5)(−2E¯)
4j
− 1
128
(
3ν2 + 30ν + 35
)
(−2E¯)3/2
]
η4 , (A9)
the 2PN-accurate Delaunay Hamiltonian reads [8]
E¯(ir, iφ) = − 1
2i2rφ
[
1 +
1
4
24ir + (9 + ν)iφ
iφi2rφ
η2
−1
8
20i3r(2ν − 7) + 12i2riφ(10ν − 53) + 72iri2φ(ν − 6) + i3φ
(−ν2 + 7ν − 81)
i3φi
4
rφ
η4
]
. (A10)
Using this transformation, we get the following explicit (2PN-accurate) expressions for the ellipticlike parameters ar
and er as functions of the action variables ir and iφ:
ar = i
2
rφ − 2
3ir + 2iφ
iφ
η2 +
1
2
5i3r(2ν − 7) + i2riφ(44ν − 95) + 2iri2φ(26ν − 35) + 18i3φ(ν − 1)
i2rφi
3
φ
η4 ,
e2t =
ir
i2rφ
[
ir + 2iφ + 2
ir(ν − 1) + iφ(2ν − 5)
i2rφ
η2
−1
2
4i3r(7ν − 4) + i2riφ(66ν + 25)− iri2φ
(
6ν2 − 28ν − 207)− 2i3φ (6ν2 − 18ν − 19)
i2φi
4
rφ
η4
]
. (A11)
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Another useful 2PN-accurate quantity is the (adimensionalized) radial frequency. It reads
n =
GMΩR
c3
= (−2E¯)3/2
[
1 +
(−2E¯)
8
(−15 + ν)η2 + (−2E¯)
2
128
(
555 + 30ν + 11ν2 +
192(−5 + 2ν)√
−2E¯j
)
η4
]
=
1
i3rφ
[
1 +
1
2
(3 + ν)iφ + 18ir
iφi2rφ
η2
−3
8
−(9 + 5ν + ν2)i3φ + 4iri2φ(−37 + 5ν) + 6i2riφ(−59 + 10ν) + 10i3r(2ν − 7)
i3φi
4
rφ
η4
]
. (A12)
Appendix B: Large-eccentricity expansions of the
frequency-domain, Newtonian-level, energy flux and
integrated tail action
This Appendix discusses the frequency-domain com-
putation of the Newtonian-level energy flux, Eq. (3.62),
and the related integrated action, Eq. (3.59), (3.64). The
frequency-domain integrand (3.70) is of lowest (Newto-
nian) order with respect to the PN expansion, but is
exact in its eccentricity dependence. Let us consider its
expansion in inverse powers of the eccentricity at succes-
sive levels: LO, NLO, NNLO, etc. For simplicity, we use
1 = GM = G = c in the following.
a. Newtonian flux at the LO in the large-eccentricity
expansion
The expression (3.70) can be easily evaluated at the
LO in the large eccentricity expansion where p = i uer → 0
(see Eq. (3.51)). This limit entails a big simplification
(already studied in the literature, see e.g., [52, 84, 85])
which leads to the following expression
ILON (u) = 32e4rν2a¯7ru2[(u2 + 1)K21 (u) + 3uK0(u)K1(u)
+
1
3
(
3u2 + 1
)
K20(u)] . (B1)
Using the notation introduced in Ref. [52]
F(u) =
(
u2
3
+ u4
)
K20 (u) + 3u
3K0(u)K1(u)
+ (u2 + u4)K21 (u) , (B2)
we find
ILON (u) = 32ν2e4ra¯7rF(u) , (B3)
so that
∆ELOGW =
32
5π
n¯7a¯7r
e3r
ν2
∫ ∞
0
duF(u) . (B4)
When using the Newtonian-level relations
n¯ = (a¯r)
−3/2 = p3∞ , a¯r = p
−2
∞ , (B5)
as well as
er =
√
1 + p2∞j
2 → eLOr = p∞j , (B6)
one recovers the known result for the LO gravitational
wave energy, or “splash radiation,”
∆ELOGWN =
32
5π
p4∞
j3
ν2
∫ ∞
0
duF(u)
=
37
15
π
p4∞
j3
ν2 . (B7)
The tail potential W
(tail) LO
1N instead turns out to be
W
(tail) LO
1N =
64
5π
p4∞
j3
ν2
∫ ∞
0
duF(u) ln(α¯u)
=
2
15
πν2
e3ra¯
7/2
r
[
100 + 37 ln
(
s
4era¯
3/2
r
)]
.
(B8)
Let us then pass to the extension of these results at
the higher NnLO levels of approximation in the large-
eccentricity expansion.
b. Working at the NNLO accuracy in 1
er
Expanding the quantity (3.70) for large er up to the
NNLO leads to
IN(u) = ILON + INLON + INNLON +O
(ILON
e3r
)
, (B9)
where
ILON
32a¯7re
4
rν
2
= F(u) , I
NLO
N
32a¯7re
3
rν
2π
= uF(u) ,
INNLON
16a¯7re
2
rν
2
= C00(u) + C20(u)
∂2Kν(u)
∂ν2
∣∣∣∣∣
ν=0
+C21(u)
∂2Kν(u)
∂ν2
∣∣∣∣∣
ν=1
, (B10)
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where
C00(u) = −2u2 [(3u2 + 1)K20(u) + 7uK0(u)K1(u)
+(1 + 2u2)K21 (u)
]
+
π2
u4
F(u) ,
C20(u) = −u
4
3
[2(3u2 + 1)K0(u) + 9uK1(u)] ,
C21(u) = −u
4
3
[3uK0(u) + 2(u
2 + 1)K1(u)] , (B11)
and where the Bessel functions Kp(u) and Kp+1(u) have
been Taylor-expanded around p = 0 to second order in
p,
Kp(u) = K0(u) + p
∂Kν(u)
∂ν
∣∣∣∣∣
ν=0
+
1
2
p2
∂2Kν(u)
∂ν2
∣∣∣∣∣
ν=0
+O(p3)
= K0(u) +
1
2
p2
∂2Kν(u)
∂ν2
∣∣∣∣∣
ν=0
+O(p3) ,
Kp+1(u) = K1(u) + p
∂Kν(u)
∂ν
∣∣∣∣∣
ν=1
+
1
2
p2
∂2Kν(u)
∂ν2
∣∣∣∣∣
ν=1
+O(p3)
= K1(u) +
p
u
K0(u)
+
1
2
p2
∂2Kν(u)
∂ν2
∣∣∣∣∣
ν=1
+O(p3) . (B12)
In Eqs. (B12) above we have used the known results (see
Eqs. 9.1.66-9.1-68 of Ref. [83])
∂Kν(u)
∂ν
∣∣∣∣∣
ν=0
= 0 ,
∂Kν(u)
∂ν
∣∣∣∣∣
ν=1
=
1
u
K0(u) . (B13)
Moreover, in what follows the derivatives of Kν with re-
spect to the order will only enter integrals of the type
F (a, µ) =
∫ ∞
0
duuaKµ(u)
∂2Kν(u)
∂ν2
∣∣∣∣∣
ν=0,1
. (B14)
These integrals can be evaluated by considering the mas-
ter integral
G(a, µ, ν) =
∫ ∞
0
duuaKµ(u)Kν(u)
=
2a−2
Γ(a+ 1)
Γ1Γ2Γ3Γ4 , (B15)
where
Γ1 = Γ
(
1
2
(a− µ− ν + 1)
)
,
Γ2 = Γ
(
1
2
(a+ µ− ν + 1)
)
,
Γ3 = Γ
(
1
2
(a− µ+ ν + 1)
)
,
Γ4 = Γ
(
1
2
(a+ µ+ ν + 1)
)
. (B16)
The resulting expression being valid when the four con-
ditions Re[a ± µ ± ν] > −1 are all satisfied. Taking two
derivatives of (B15) with respect to ν and evaluating the
result at ν = 0, 1 allows one to compute the integral
(B14).
One can rewrite Eq. (B9) in various ways. For exam-
ple,
IN(u)
32a¯7re
4
rν
2
= F(u)
[
1 +
πu
er
+
1
2
(
πu
er
)2]
−G(u) +H(u)
e2r
, (B17)
where F(u) is defined in Eq. (B2), and where we defined
G(u) ≡ u2 [(3u2 + 1)K20 (u) + 7uK0(u)K1(u)
+(1 + 2u2)K21 (u)
]
,
H(u) ≡ H0(u)∂
2Kν(u)
∂ν2
∣∣∣∣∣
ν=0
+H1(u)∂
2Kν(u)
∂ν2
∣∣∣∣∣
ν=1
,
(B18)
with
H0(u) ≡ u4
[(
u2 +
1
3
)
K0(u) +
3
2
uK1(u)
]
,
= −C
20(u)
2
,
H1(u) ≡ u4
[
3
2
uK0(u) + (u
2 + 1)K1(u)
]
= −C
21(u)
2
. (B19)
The functions G(u),H0(u),H1(u) are such that
G(u) = 3F(u)
− u2[2uK0(u) + (2 + u2)K1(u)]K1(u) ,(B20)
and
H0(u)K0(u) +H1(u)K1(u) = u2F(u) . (B21)
We list in Table IX the integrals needed in order to com-
pute both the gravitational wave energy ∆EGW and the
tail potential W tail1 at the NNLO level in e
−1
r (but still
at the Newtonian level, η0):
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TABLE IX: Integrals needed for the Newtonian-level gravi-
tational wave energy ∆EGW, and the tail potential W
tail
1 , at
the NNLO level in e−1r .
expression value
f
∫
∞
0
duF(u) 37
96
π2
fln
∫
∞
0
duF(u) ln u 1
96
π2[100− 37γ − 111 ln(2)]
fu
∫
∞
0
duuF(u) 49
9
fu ln
∫
∞
0
duuF(u) ln u 1
54
[139− 294γ + 294 ln(2)]
fu
2 ∫∞
0
duu2F(u) 297
256
π2
fu
2 ln
∫
∞
0
duu2F(u) ln u 3
256
π2[350 − 99γ − 297 ln(2)]
g
∫
∞
0
duG(u) 403
512
π2
gln
∫
∞
0
duG(u) ln u 1
2048
π2[4591 − 1612γ − 4836 ln(2)]
The integral of H(u) can be written as the sum of the
two pieces
h =
∫ ∞
0
H(u)du = ∂
2h0(ν)
∂ν2
∣∣∣∣∣
ν=0
+
∂2h1(ν)
∂ν2
∣∣∣∣∣
ν=1
, (B22)
where
h0(ν) =
∫ ∞
0
duH0(u)Kν(u) ,
h1(ν) =
∫ ∞
0
duH1(u)Kν(u) . (B23)
We find
∂2h0(ν)
∂ν2
∣∣∣∣∣
ν=0
=
2007π4
8192
− 179π
2
80
,
∂2h1(ν)
∂ν2
∣∣∣∣∣
ν=1
=
2745π4
8192
− 7527π
2
2560
, (B24)
so that
h =
297π4
512
− 2651π
2
512
. (B25)
The integral of H(u) lnu can be computed in the same
way
hln =
∫ ∞
0
H(u) lnudu
= − π
2
6144
[
49896ζ(3) + 53437 + 132γ
(
27π2 − 241)
−95436 log(2) + 36π2(297 log(2)− 350)] . (B26)
Finally, from
∫ ∞
0
IN(u)du = 32a¯7re4rν2
{[
f +
π
er
fu +
1
2
(
π
er
)2
fu
2
]
− 1
e2r
g − 1
e2r
h
}
+O
(
1
e3r
)
, (B27)
we have that the first and second-order eccentricity cor-
rections to the (Newtonian-level) splash radiation energy
(B7) read
∆ELO+NLO+NNLOGWN =
ν2
e3ra¯
7/2
r
(
37π
15
+
1568
45er
+
281π
10e2r
+O
(
1
e3r
))
. (B28)
Similarly,
W
(tail) LO+NLO+NNLO
1N =
2
15
ν2
e3ra¯
7/2
r
{
π
[
100 + 37 ln
(
s
4era¯
3/2
r
)]
+
1
er
[
2224
9
+
1568
3
ln
(
4s
era¯
3/2
r
)]
+
π
e2r
[
2479
4
+
6237
8
ζ(3) +
843
2
ln
(
s
4era¯
3/2
r
)]
+O
(
1
e3r
)}
.
(B29)
This result allows one to fix the previously defined pa-
rameter c00 (see Eq. (3.45)) which could not be computed
in the time domain.
c. Going at N3LO in the energy flux
The next term in the e−1r expansion of Eq. (B17) is
the following
46
IN(u)
32a¯7re
4
rν
2u6
= . . .+
1
e3r
[
− π
u5
H0(u)∂
2Kν(u)
∂ν2
∣∣∣∣∣
ν=0
− π
u5
H1(u)∂
2Kν(u)
∂ν2
∣∣∣∣∣
ν=1
+
π3
6u3
F(u)− π
u5
G(u)
]
= . . .+
1
e3r
[
− π
u5
H(u) + π
3
6u3
F(u)− π
u5
G(u)
]
. (B30)
Multiplying both sides by u6 one has then
IN(u)
32a¯7re
4
rν
2
= F(u)
[
1 +
πu
er
+
1
2
(
πu
er
)2
+
1
6
(
πu
er
)3]
−G(u) +H(u)
e2r
(
1 +
πu
er
)
, (B31)
that is the O
(
1
e3r
)
-accurate truncation of the compact
expression
IN(u)
32a¯7re
4
rν
2
= eπu/er
[
F(u)− G(u) +H(u)
e2r
] ∣∣∣∣∣
O
(
1
e3r
) .(B32)
Eq. (B28) is then extended as
∆ELO+...+N
3LO
GWN (a¯r, er) =
ν2
e3ra¯
7/2
r
(
37π
15
+
1568
45er
+
281π
10e2r
+
7808
45e3r
+O
(
1
e4r
))
. (B33)
Expressing er and ar in terms of p∞ and j the above
(Newtonian-level) expression becomes
∆ELO+...+N
3LO
GWN (p∞, j) = ν
2
[
37
15
π
p4∞
j3
+
1568
45
p3∞
j4
+
122
5
π
p2∞
j5
+
4672
45
p∞
j6
+O
(
1
j7
)]
. (B34)
No special, additional difficulties arise for the Newto-
nian energy flux when going up to higher orders in the
large eccentricity expansion in the frequency domain.
Appendix C: Eccentricity expansion of the
1PN-accurate frequency-domain energy flux and tail
action
Let us now consider the 1PN corrections (∝ η2) to
the (frequency-domain) energy flux, and tail action. The
corresponding integrands are linear in ν (after factoring
out an overall factor). In this case Eq. (3.75) should be
used, and complications arise already at the NLO as we
are going to show. We have been able to compute the
NNLO level too, but the associated expressions are very
long and will not be displayed below.
Let us write (1 = GM = G = c) the 1PN contribution
to the energy flux as follows,
∆E1PN =
1
πera¯
3/2
r
∫ ∞
0
duF1PNGW (u) , (C1)
with a subsequent large-eccentricity expansion:
F1PNGW =
ν2
e2ra¯
3
r
[
F1PN,LOGW +
1
er
F1PN,NLOGW
+
1
e2r
F1PN,NNLOGW +O
(
1
e3r
)]
. (C2)
We recall that, at 1PN, each term F1PN,NnLOGW depends
on ν linearly, i.e.
F1PN,NnLOGW = F1PN,N
nLO
GW,ν0 + νF1PN,N
nLO
GW,ν1 . (C3)
We then find the explicit expressions
47
F1PN,LOGW,ν0 = −
8
105
u2
[
(−10u4 + 82u2 + 156)K0(u)2 − 4u(−43 + 61u2)K0(u)K1(u)
+(−10u4 − 45u2 − 300)K21(u)
]
,
F1PN,LOGW,ν1 = −
8
105
u2
[
(−16 + 40u4)K20 (u) + (−48u3 − 64u)K0(u)K1(u) + (−4u2 + 40u4)K21
]
,
F1PN,NLOGW,ν0 = −
64
21
u3
(
−u
4
4
+
23
2
u2 +
141
20
)
K20 (u) +
128
35
u4
(
61
12
u2 − 653
24
)
K0(u)K1(u)
−64
21
u3
(
−u
4
4
+
333
40
u2 +
39
20
)
K21 (u)
−24
5
iu4 [(A(u) + uB(u))K0(u) + (B(u) + 2uA(u))K1(u)] ,
F1PN,NLOGW,ν1 = π
[
−64
21
u3
(
u4 − 21
20
u2 − 3
4
)
K20(u) +
128
35
u4
(
u2 +
95
24
)
K0(u)K1(u)
−64
21
u3
(
u4 − 23
20
u2 − 21
20
)
K21 (u)
]
, (C4)
where
A = − i
2
(G2(u) +G
∗
2(u)) +
i
2
(G−2(u) +G
∗
−2(u))
= −i[GS2(u)−GS−2(u)]
= −2iGS[2](u) ,
B = −1
4
(G3(u)−G∗3(u)) +
1
4
(G−3(u)−G∗−3(u))
+
5
4
(G1(u)−G∗1(u)) +
5
4
(G−1(u)−G∗−1(u))
= −1
2
GA3 (u)−
1
2
GA−3(u) +
5
2
GA1 (u) +
5
2
GA−1(u)
= −GA(3)(u) + 5GA(1)(u) . (C5)
Here we introduced the notation
Gn(u) ≡
∫ ∞
−∞
dv arctan
(
tanh
v
2
)
eiu sinh v−nv , (C6)
as well as GSn(u) =
1
2 (Gn(u) + G
∗
n(u)), G
A
n (u) =
1
2 (Gn(u)−G∗n(u)) and the symmetry-related expressions
GS(n)(u) =
1
2 (G
S
n(u) + G
S
−n(u)), G
S
[n](u) =
1
2 (G
S
n(u) −
GS−n(u)), G
A
(n)(u) =
1
2 (G
A
n (u) + G
A
−n(u)), G
A
[n](u) =
1
2 (G
A
n (u)−GA−n(u)). Due to parity reasons
GS(n)(u) ≡ 0 ≡ GA[n](u) . (C7)
This, however, has no effect on A and B which only con-
tain GS[n](u) and G
A
(n)(u).
Going to the NNLO, the energy flux also contains
terms involving the derivatives of the Bessel K functions
with respect to the order. Furthermore, integrals over v
enter the term F1PN,NNLOGW,ν0 . All integrations can be done
analytically, leading to
∆E1PNGW =
ν2
e3ra¯
9/2
r
[(
1143
280
− 37
30
ν
)
π
+
1
er
(
944
1575
− 1136
45
ν
)
+
1
e2r
(
−22333
560
− 609
20
ν
)
π
]
. (C8)
By contrast, W1 can be analytically computed (in the
frequency-domain) only at the LO. Indeed, consider for
instance the NLO term W 1PN,NLO1 , which we have suc-
ceeded to compute in the time domain (see Eq. (3.39)),
with the result
W 1PN,NLO1 =
2
15
ν2
e4ra¯
9/2
r
Hreal
[
−28072
225
− 38872
63
ν
+
(
944
105
− 1136
3
ν
)
ln
(
4s
era¯
3/2
r
)]
. (C9)
By contrast, the computation of W 1PN,NLO1 in the
frequency-domain yields the expression
W 1PN,NLO1 =
2
15
ν2
e4ra¯
9/2
r
Hreal
[
−1768
9
− 38872
63
ν
+
6144
5
γ − 6144
5
ln(2) +
15
2
X
+
(
944
105
− 1136
3
ν
)
ln
(
4s
era¯
3/2
r
)]
,
(C10)
where the quantity X denotes the following double inte-
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gral:
X =
48
π
∫ ∞
0
du
∫ ∞
−∞
dv u4X (u, v) arctan
(
tanh
v
2
)
ln(u) ,
(C11)
with
X (u, v) = α(u)
(
−1
5
cosh(3v) + cosh(v)
)
S(u, v)
−4
5
β(u) sinh(2v)C(u, v) . (C12)
Here, to shorten the expression, we denoted α(u) ≡
uK0(u) + K1(u), β(u) ≡ 12K0(u) + uK1(u), as well as
[S(u, v), C(u, v)] = [sin(u sinh(v)), cos(u sinh(v))].
When attempting to compute X , one can first in-
tegrate over u by replacing ln(u) → ua, taking then
a derivative with respect to a, before finally setting
a → 0. Unfortunately, this method of integration gener-
ates derivatives of hypergeometric functions with respect
to the parameters, which did not allow us to compute the
integral over v in closed form. However, direct compari-
son with the time-domain result (C9) yields the following
simple result for X :
X =
3584
375
− 4096
25
γ +
4096
25
ln(2) . (C13)
Going to the NNLO, one can similarly extract a Fourier
space representation for the missing coefficients c20 and
c21. A straightforward calculation shows that
c20 = −599223
560
ln(2) +
1637641
3360
+
99837
160
ζ(3)
−1584
5
γ − 1
π2
(Y1 + Y2) , (C14)
where
Y1 = 48
∫ ∞
0
du
∫ ∞
−∞
dv u4
[π
2
uX (u, v) + Y(u, v)
]
× arctan
(
tanh
v
2
)
ln(u) ,
Y2 = 24
∫ ∞
0
du
∫ ∞
−∞
dv u4X (u, v) tanh v ln(u) , (C15)
with
Y(u, v) = A(u, v)C(u, v) +B(u, v)S(u, v) , (C16)
and
A(u, v) = −α(u)uv
(
−1
5
cosh(3v) + cosh(v)
)
+2β(u)
(
1
5
sinh(3v) + sinh(v)
)
,
B(u, v) = −2α(u)
(
1 +
1
5
cosh(2v)
)
−4
5
β(u)uv sinh(2v) . (C17)
These Fourier-domain expressions did not allow us to
compute c20. The remaining coefficient c21, instead,
was determined by a time-domain computation (see Eq.
(3.46)).
Appendix D: Gravitational wave energy emitted
during a scattering process at the 2PN accuracy
The total gravitational-wave energy emitted during a
scattering process
∆EGW = ∆E
N
GW +∆E
1PN
GW +∆E
2PN
GW + · · · (D1)
has been computed long ago at the 1PN accuracy by
Blanchet and Scha¨fer (see Eq. (5.7) of Ref. [88]). Let us
extend their result by giving here the 2PN term, ∆E2PNGW ,
when ∆EGW is expressed in terms of er = e
h
r and j, as
in Ref. [88]:
∆E2PNGW (er, j) =
2
15
ν2
j11
[
E1arccos
(
− 1
er
)
+ E2
√
e2r − 1
]
, (D2)
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with
E1 = 1636769
189
+
2380852
189
e2r +
596996
63
e4r +
494977
48
e6r +
1615745
672
e8r
+ν
(
−74435
21
− 23953
3
e2r −
527659
28
e4r −
1775713
112
e6r −
120745
56
e8r
)
+ν2
(
48 +
1463
2
e2r +
31215
8
e4r +
10155
2
e6r + 518e
8
r
)
E2 = 307844062
19845
+
1280690597
158760
e2r +
1596923303
158760
e4r +
76924511
7840
e6r
+ν
(
−281551
45
− 25157339
2520
e2r −
104242423
5040
e4r −
3209299
280
e6r
)
+ν2
(
453
4
+
10777
8
e2r +
10765
2
e4r + 3434e
6
r
)
. (D3)
In the parabolic orbit limit er → 1 we find (see Ref. [88])
∆E2PN term er→1GW =
2π
15
ν2
j11
[
29198255
672
− 774153
16
ν +
82215
8
ν2
]
. (D4)
In the main text we study the 2PN-accurate expression of ∆EGW when it is expressed in terms of the energy and the
angular momentum (and more precisely in terms of p∞ and hj, where h = Etot/M).
Appendix E: Reparametrization and minimal value of the flexibility factor
The proof of the canonical equivalence of the two flexibility-related Hamiltonians ∆f−hH6PN(r, pr, j), Eq. (7.18),
and ∆f−hH ′6PN(r
′, p′r, j), Eq. (7.19), (with p
′
φ = j = pφ)), i.e.,
∆f−hH ′6PN = ∆
f−hH6PN − {g,H1PN} , (E1)
is obtained by a direct construction of the generating function g(r, p′r, j) of the canonical transformation
r′ = r +
∂g(r, p′r, j)
∂p′r
, pr = p
′
r +
∂g(r, p′r, j)
∂r
, (E2)
with the 1PN (harmonic-coordinate) Hamiltonian (recalled in Eq. (A4)). Using the 1PN-accurate gravitational wave
energy flux given in Eq. (A5), one can solve for all the unknowns, i.e., the Ci’s and the Di’s as functions of the ci’s
and di’s (see Eqs. (7.20), (7.21)), as well as the coefficients gi, ni entering g(r, pr, j):
g(r, pr, j) =
ν3pr
r3
[
g1
1
r
+ g2
j2
r2
+ g3p
2
r + η
2
(
n1
1
r2
+ n2
j4
r4
+ n3p
4
r + n4
j2
r3
+ n5
p2r
r
+ n6
j2p2r
r2
)]
. (E3)
We found the explicit results
g1 =
64
5
(c2 + c3) ,
g2 =
64
5
c2 ,
g3 =
16
45
(12c1 + 73c2) , (E4)
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and
n1 =
(
−32c
2
2
5
− 64c2c3
5
− 112c2
5
− 32c
2
3
5
− 2096c3
105
)
ν − 4988c2
105
− 3476c3
35
+
64d2
5
+
64d3
5
+
64d6
5
,
n2 =
(
−32c
2
2
5
− 48c2
7
)
ν +
2468c2
105
+
64d2
5
,
n3 =
(
−32c
2
1
25
− 176c1c2
25
+
8216c1
525
− 4696c
2
2
225
+
67888c2
1575
)
ν − 1268c1
225
+
33832c2
1575
+
64d1
25
+
9392d2
225
+
176d4
25
,
n4 =
(
−32c
2
2
5
− 64c2c3
5
− 4112c2
105
− 48c3
7
)
ν − 3252c2
35
+
2468c3
105
+
64d2
5
+
64d6
5
,
n5 =
(
−64c1c2
15
− 64c1c3
15
− 2096c1
315
− 1448c
2
2
45
− 272c2c3
9
− 2968c2
45
+
1592c3
45
)
ν
−3476c1
105
− 15752c2
105
+
1144c3
63
+
2896d2
45
+
64d4
15
+
64d5
15
+
272d6
9
,
n6 =
(
−64c1c2
15
− 16c1
7
− 872c
2
2
45
+
1472c2
315
)
ν +
2468c1
315
+
2680c2
63
+
1744d2
45
+
64d4
15
. (E5)
Let us note that, while the three Ci’s are in one-to-one correspondence with the three ci’s, with the inverse relations
c1 =
456
32
C1 +
90656
1536
C3 − 1856
128
C2 ,
c2 = −31856
3072
C3 +
656
256
C2 − 156
64
C1 ,
c3 = −656
256
C2 +
34256
3072
C3 +
156
64
C1 , (E6)
one cannot express the the six di’s in terms of the four Di’s. However, Eqs. (7.21) can be inverted to express the first
four di’s, namely d1, . . . , d4, in terms of d5, d6, and of the new parameters Ci and Di:
d1 =
(
356325C21
616448
− 1409225C2C1
1232896
+
67026425C3C1
14794752
− 146435C1
8428
+
16657175C22
29589504
+
5345155025C23
608698368
+
390545C2
28896
−789897575C2C3
177537024
− 161067325C3
4854528
)
ν +
1235525C1
134848
− 3774345C2
539392
+
37456235C3
1078784
−181445
4816
+
11175D1
4816
− 1815D2
1204
+
10275D3
4816
− 208925D4
19264
+
8d5
301
− 944d6
129
,
d2 =
(
10275C21
2465792
− 34925C2C1
4931584
+
1251725C3C1
59179008
− 476265C1
539392
+
329225C22
118358016
+
22825775C23
2434793472
+
715625C2
924672
−9696425C2C3
710148096
− 174415025C3
77672448
)
ν +
716985C1
2157568
− 1500925C2
8630272
+
303139985C3
310689792
+
225D1
2408
− 615D2
9632
+
3805D3
38528
− 232105D4
462336
− 32d5
301
− 137d6
129
,
d3 =
(
−10275C
2
1
2465792
+
34925C2C1
4931584
− 1251725C3C1
59179008
+
476265C1
539392
− 329225C
2
2
118358016
− 15395375C
2
3
2434793472
− 715625C2
924672
+
9696425C2C3
710148096
+
185034305C3
77672448
)
ν +
1305735C1
2157568
− 7264195C2
8630272
+
1196779135C3
310689792
−225D1
2408
+
615D2
9632
− 3805D3
38528
+
268225D4
462336
+
32d5
301
+
8d6
129
,
d4 =
(
−675C
2
1
19264
+
225C2C1
4816
− 57075C3C1
616448
+
5362055C1
539392
− 2925C
2
2
308224
+
1229725C23
4227072
− 7298675C2
924672
−80125C2C3
2465792
+
1425084095C3
77672448
)
ν − 7428725C1
2157568
+
13974505C2
8630272
− 3276924925C3
310689792
−3375D1
2408
+
9225D2
9632
− 54065D3
38528
+
3297965D4
462336
+
179d5
301
+
384d6
43
. (E7)
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We introduced in the text a minimal way, namely Eqs. (7.28), of fixing the values of the gauge-invariant parameters
Ci and Di associated with some flexibility factor f(t). However, this unique choice of the Ci and Di still leave some
gauge freedom in the choice of the flexibility factor f(t) itself. If ever one wants to have also a specific value for
the flexibility factor f(t) itself, (i.e., specific values of the original flexibility parameters ci, di entering Eq. (7.5))
one needs, in addition to the explicit values (7.25), to insert the minimal values Eqs. (7.28) in the relations (E7)
expressing the di’s in terms of the Ci’s, the Di’s and of d5 and d6. This yields
dmin1 =
(
4110D
301
+
1269775907
606816
)
ν +
33448631
75852
+
8d5
301
− 944d6
129
,
dmin2 =
(
761D
1204
+
159864493
2427264
)
ν +
13371067
809088
−32d5
301
− 137d6
129
,
dmin3 =
(
−761D
1204
− 159864493
2427264
)
ν +
12115205
809088
+
32d5
301
+
8d6
129
,
dmin4 =
(
−10813D
1204
− 34223993
33712
)
ν − 52885925
269696
+
179d5
301
+
384d6
43
. (E8)
In these expressions, d5 and d6 can be given arbitrary values.
Appendix F: 6PN-accurate f-route local Delaunay Hamiltonian
The 6PN-accurate f-route local effective Delaunay Hamiltonian (expressed in terms of I2 ≡ j and I3 ≡ ir+ j ≡ irφ,
see Eqs. (A8)) is given by
H6PN,loc,feff (I2, I3; ν)
µc2
= η−2 +
6∑
k=0
η2kE¯2keff(I2, I3; ν) +O(η
14) . (F1)
The coefficients up to the 5PN order (i.e., O(η10)) are listed in Table XI of Ref. [3]. We complete this result by
adding the 6PN coefficient E¯12eff (see Table X below).
In the case of circular motions, the f-route, local contribution to the 6PN-accurate effective energy E¯eff ≡ (Eeff−µ)/µ
is found to be
E¯circeff = −
1
2j2
− 9
8
η2
j4
+
(
−81
16
+ ν
)
η4
j6
+
[
−3861
128
+
(
−41
64
π2 +
157
6
)
ν
]
η6
j8
+
[
−53703
256
+
(
−6581
1024
π2 +
8357
30
)
ν +
(
−275
12
+
41
64
π2
)
ν2
]
η8
j10
+
[
−1648269
1024
+
(
15592753
6300
− 31547
1536
π2
)
ν +
(
−4725
8
+
1
2
aν
2
6 +
2337
128
π2
)
ν2 + 2ν3
]
η10
j12
+
[
−27078705
2048
+
(
−2800873
524288
π4 +
298273237
14175
+
1322752463
3538944
π2
)
ν
+
(
−1681
512
π4 +
39
4
aν
2
6 +
1389451
3072
π2 − 3321439
288
+
1
2
aν
2
7
)
ν2
+
(
−615
64
π2 +
1369
4
+
1
2
aν
3
7
)
ν3
]
η12
j14
. (F2)
The relation between E¯eff and the specific binding energy E¯, Eq. (1.36), is given by
E¯ =
√
1 + 2νE¯eff − 1
ν
, (F3)
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TABLE X: 6PN coefficient E¯12eff entering the PN expansion of the Delaunay effective Hamiltonian (F1)
E¯12eff
[
ν2
(
1911aν
2
6
32
+
63aν
2
7
16
+
273d¯ν
2
5
32
+
21d¯ν
2
6
32
+
9qν
2
45
32
− 529515π4
65536
+ 179354853π
2
65536
− 2062272503
22400
)
+ν3
(
− 315aν
2
6
32
− 63d¯ν
2
5
32
+
63aν
3
7
16
− 24980025π2
65536
+ 978061
64
)
+ 819ν
5
256
+
(
38745π2
2048
− 428085
512
)
ν4
+
(
3236467169
30240
+ 188085303629π
2
50331648
− 350055909π4
8388608
)
ν − 14196819
256
]
1
I11
2
I3
3
+
[
ν2
(
315aν
2
6
16
+
63d¯ν
2
5
16
− 45387π4
32768
+ 5648989π
2
4096
− 2795413
48
)
− 117ν4
2
+
(
48355
8
− 16113π2
128
)
ν3
+
(
255513551
1920
− 55414387π2
32768
)
ν − 16298667
256
]
1
I10
2
I4
3
+
[
ν2
(
− 1225aν
2
6
16
− 35aν
2
7
8
− 245d¯ν
2
5
16
− 35d¯ν
2
6
32
− 21qν
2
45
32
+ 176505π
4
32768
− 346823785π2
98304
+ 13914839443
115200
)
+ν3
(
525aν
2
6
32
+
133d¯ν
2
5
32
− 35aν
3
7
8
+ 1057777π
2
1536
− 16220123
576
)
− 3465ν5
256
+
(
3398185
1536
− 50225π2
1024
)
ν4
+
(
− 34107960371
345600
− 590940624077π2
113246208
+ 387365405π
4
8388608
)
ν + 9066235
256
]
1
I9
2
I5
3
+
[
ν2
(
− 225aν
2
6
8
− 75d¯ν
2
5
8
+ 25215π
4
16384
− 12455065π2
4096
+ 3386395
24
)
+ 300ν4 +
(
22755π2
64
− 75595
4
)
ν3
+
(
170705335π2
32768
− 822324589
2688
)
ν + 33326145
256
]
1
I8
2
I6
3
+
[
ν2
(
1095aν
2
6
32
+
15aν
2
7
16
+
365d¯ν
2
5
32
+
15d¯ν
2
6
32
+
15qν
2
45
32
− 25215π4
65536
+ 14759815π
2
8192
− 50590683
1120
)
+ν3
(
− 225aν
2
6
32
− 85d¯ν
2
5
32
+
15aν
3
7
16
− 49631575π2
98304
+ 23365741
1152
)
+ 2835ν
5
128
+
(
21525π2
512
− 532105
256
)
ν4
+
(
− 22549379339
423360
+ 161199909365π
2
75497472
− 81987555π4
8388608
)
ν + 41670225
512
]
1
I7
2
I7
3
+
[
ν2
(
63aν
2
6
16
+
63d¯ν
2
5
16
− 11767π4
32768
+ 8802269π
2
4096
− 21668549
180
)
− 462ν4 +
(
67123
4
− 14637π2
64
)
ν3
+
(
8093748209
28800
− 590358503π2
98304
)
ν − 11382315
128
]
1
I6
2
I8
3
+
[
ν2
(
− 25aν
2
6
8
− 25d¯ν
2
5
8
− d¯ν
2
6
32
− 3qν
2
45
32
− 26480553π2
32768
+ 130268403
44800
)
+ν3
(
15aν
2
6
32
+
15d¯ν
2
5
32
+ 1432335π
2
8192
− 438383
64
)
− 2205ν5
128
+
(
219555
256
− 12915π2
1024
)
ν4
+
(
2754048127363
25401600
+ 12817445435π
2
12582912
− 135909π4
8388608
)
ν − 11393277
64
]
1
I5
2
I9
3
+
[
270ν4 +
(
3321π2
128
− 12231
2
)
ν3 +
(
188409
4
− 1471401π2
4096
)
ν2 +
(
57005721π2
32768
− 3445375221
22400
)
ν + 3686445
256
]
1
I4
2
I10
3
+
[
1575ν5
256
+
(
1435π2
2048
− 268555
1536
)
ν4 +
(
449845
384
− 915845π2
65536
)
ν3 +
(
51899359
67200
+ 7988539π
2
65536
)
ν2
+
(
− 8318335583
176400
− 27753064819π2
50331648
)
ν + 76277895
256
]
1
I3
2
I11
3
+
[
− 99ν4
2
+ 8415ν
3
8
− 10395ν2 + 4058505ν
64
− 34218855
128
]
1
I2
2
I12
3
+
[
− 189ν5
256
+ 9975ν
4
512
− 15825ν3
64
+ 1047627ν
2
512
− 6699213ν
512
+ 47435571
512
]
1
I2I
13
3
− 24188177
2048
1
I14
3
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so that in the circular case we get
E¯circloc,f = −
1
2j2
+
(
−ν
8
− 9
8
)
η2
j4
+
(
−ν
2
16
+
7ν
16
− 81
16
)
η4
j6
+
[
−5ν
3
128
+
5ν2
64
+
(
8833
384
− 41π
2
64
)
ν − 3861
128
]
η6
j8
+
[
−7ν
4
256
+
3ν3
128
+
(
41π2
128
− 8875
768
)
ν2 +
(
989911
3840
− 6581π
2
1024
)
ν − 53703
256
]
η8
j10
+
[(
aν
2
6
2
+
29335π2
2048
− 1679647
3840
)
ν2 − 21ν
5
1024
+
5ν4
1024
+
(
41π2
512
− 3769
3072
)
ν3
+
(
3747183493
1612800
− 31547π
2
1536
)
ν − 1648269
1024
]
η10
j12
+
[
ν2
(
39aν
2
6
4
+
aν
2
7
2
− 1681π
4
512
+
10605841π2
24576
− 10727952929
1075200
)
+ ν3
(
aν
2
6
4
+
aν
3
7
2
− 21383π
2
8192
+
1007737
7680
)
−33ν
6
2048
− 7ν
5
2048
+
(
41π2
1024
− 2537
3072
)
ν4 +
(
576215112401
29030400
+
1322752463π2
3538944
− 2800873π
4
524288
)
ν − 27078705
2048
]
η12
j14
.
(F4)
The f-route, local 6PN-accurate periastron advance (along arbitrary eccentric orbits), expressed in terms of E¯ and
j, reads
K(E¯, j)loc,f = 1 +
3
j2
η2 +
[(
15
2
− 3ν
)
E¯
j2
+
(
105
4
− 15ν
2
)
1
j4
]
η4
+
[(
3ν2 − 15ν
4
+
15
4
)
E¯2
j2
+
(
45ν2
2
+
(
123π2
64
− 218
)
ν +
315
2
)
E¯
j4
+
(
105ν2
8
+
(
615π2
128
− 625
2
)
ν +
1155
4
)
1
j6
]
η6
+
[(
15ν2
4
− 3ν3
)
E¯3
j2
+
(
−45ν3 +
(
4045
8
− 615π
2
128
)
ν2 +
(
35569π2
2048
− 20323
24
)
ν +
4725
16
)
E¯2
j4
+
(
−525ν
3
8
+
(
35065
16
− 615π
2
16
)
ν2 +
(
257195π2
2048
− 293413
48
)
ν +
45045
16
)
E¯
j6
+
(
−315ν
3
16
+
(
132475
96
− 7175π
2
256
)
ν2 +
(
2975735π2
24576
− 1736399
288
)
ν +
225225
64
)
1
j8
]
η8
+
[(
ν2
(
−15a
ν2
6
4
− 15d¯
ν2
5
4
− 1203065π
2
2048
+
310189
12
)
+
1575ν4
8
+
(
35055π2
256
− 240585
32
)
ν3
+
(
4899565π2
4096
− 33023719
840
)
ν +
315315
32
)
E¯2
j6
+
(
ν2
(
−105a
ν2
6
4
− 35d¯
ν2
5
4
− 12964665π
2
8192
+
549451
8
)
+
2205ν4
16
+
(
121975π2
512
− 271705
24
)
ν3
+
(
16173395π2
8192
− 30690127
240
)
ν +
765765
16
)
E¯
j8
+
(
3ν4 − 15ν
3
4
+
15ν2
16
)
E¯4
j2
+
(
75ν4 +
(
1107π2
128
− 7113
8
)
ν3 +
(
9689
6
− 35569π
2
1024
)
ν2 +
(
15829π2
256
− 12160657
8400
)
ν +
3465
16
)
E¯3
j4
+
(
ν2
(
−315a
ν2
6
16
− 63d¯
ν2
5
16
− 15796431π
2
16384
+
5156991
128
)
+
3465ν4
128
+
(
90405π2
1024
− 127995
32
)
ν3
+
(
1096263π2
1024
− 61358067
640
)
ν +
2909907
64
)
1
j10
]
η10
54
+
[(
−3ν5 + 15ν
4
4
− 15ν
3
16
)
E¯5
j2
+
(
−225ν
5
2
+
(
2737
2
− 861π
2
64
)
ν4 +
(
462397π2
8192
− 247189
96
)
ν3
+
(
25148189
11200
− 47487π
2
512
)
ν2 +
(
104950259π2
1048576
− 25669261
29400
)
ν +
3465
64
)
E¯4
j4
+
(
ν2
(
−25a
ν2
6
2
− 25d¯
ν2
5
2
− 5d¯
ν2
6
4
− 15q
ν2
45
4
− 8648125π
2
2048
+
58338869
480
)
+ν3
(
15aν
2
6 + 15d¯
ν2
5 +
6795375π2
4096
− 2255935
32
)
− 3675ν
5
8
+
(
601625
32
− 89175π
2
256
)
ν4
+
(
−39123984017
635040
− 3128795225π
2
1572864
− 679545π
4
1048576
)
ν +
525525
32
)
E¯3
j6
+
(
ν2
(
−735a
ν2
6
2
− 105a
ν2
7
4
− 245d¯
ν2
5
2
− 105d¯
ν2
6
8
− 105q
ν2
45
8
+
176505π4
16384
− 28607145π
2
1024
+
890209513
960
)
+ν3
(
735aν
2
6
4
+ 70d¯ν
2
5 −
105aν
3
7
4
+
392482055π2
49152
− 48508187
144
)
− 2205ν
5
4
+
(
9492035
192
− 1083425π
2
1024
)
ν4
+
(
−36266340619
60480
− 749028566195π
2
18874368
+
573912885π4
2097152
)
ν +
16081065
64
)
E¯2
j8
+
(
ν2
(
−17325a
ν2
6
16
− 315a
ν2
7
4
− 3465d¯
ν2
5
16
− 315d¯
ν2
6
16
− 189q
ν2
45
16
+
1588545π4
16384
− 446396685π
2
8192
+
12054492193
6400
)
+ν3
(
4725aν
2
6
16
+
1197d¯ν
2
5
16
− 315a
ν3
7
4
+
11337249π2
1024
− 7270879
16
)
− 31185ν
5
128
+
(
10090605
256
− 452025π
2
512
)
ν4
+
(
−31568079821
19200
− 551913398477π
2
6291456
+
3486288645π4
4194304
)
ν +
101846745
128
)
E¯
j10
+
(
ν2
(
−21021a
ν2
6
32
− 693a
ν2
7
16
− 3003d¯
ν2
5
32
− 231d¯
ν2
6
32
− 99q
ν2
45
32
+
5824665π4
65536
− 1972903383π
2
65536
+
22684997533
22400
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+ν3
(
3465aν
2
6
32
+
693d¯ν
2
5
32
− 693a
ν3
7
16
+
274780275π2
65536
− 10758671
64
)
− 9009ν
5
256
+
(
4708935
512
− 426195π
2
2048
)
ν4
+
(
−35601138859
30240
− 2068938339919π
2
50331648
+
3850614999π4
8388608
)
ν +
156165009
256
)
1
j12
]
η12 . (F5)
In the circular case this reduces to Eq. (8.29).
Appendix G: Completing the information on the h-route, nonlocal q8 EOB potential
One of the intermediate steps of our analysis is to transform the h-route (i.e., rh12-scaled) nonlocal Hamilto-
nian, H4+5+6PNnonloc,h (t), defined in Eq. (2.9), into its gauge-equivalent EOB potentials, A
nonloc,h(r), D¯nonloc,h(r) and
Q̂nonloc,h(r, pr). We have listed the PN-expansion coefficients of these potentials in Table IV of [2] (for the 4+5PN-
level contributions), and in Table VI of [3] (for the 6PN-level contributions). However, we did not include in Table IV
of [2] the values of the 4+5PN-level coefficients entering the q8 EOB potential, i.e. the coefficients denoted q
nonloc
81 and
qnonloc82 in the last line of Eq. (2.22) in [2]. The aim of this Appendix is to remedy this gap by giving the 6PN-accurate
values of the PN expansion coefficients of the O(p8r) part of Q̂
nonloc,h
4+5+6PN(r, pr; ν), namely[
Q̂nonloc,h4+5+6PN(r, pr; ν)
]
p8r
= p8r q8(u; ν) = p
8
r
(
qnonloc,h81 (ν)u + q
nonloc,h
82 (ν)u
2 + qnonloc,h83 (ν)u
3
)
. (G1)
As indicated here, the coefficients qnonloc,h81 (4PN level), q
nonloc,h
82 (5PN level) and q
nonloc,h
83 (6PN level) depend only on ν,
i.e., they do not involve any lnu contribution. [The logarithmic contributions come from the 2GHc5 F split2PN (t, t) ln
(
rh12(t)
s
)
term in Eq. (2.9) and start contributing to q8 at the 7PN level.]
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Though we have already given qnonloc,h83 (ν) in Table VI of [3], let us, for clarity, list here all the PN coefficients of q8
qnonloc,h81 (ν) =
(
21668992
45
ln(2) +
6591861
350
ln(3)− 27734375
126
ln(5)− 35772
175
)
ν
qnonloc,h82 (ν) =
(
703189497728
33075
ln(2) +
869626
525
+
332067403089
39200
ln(3)− 468490234375
42336
ln(5)− 13841287201
4320
ln(7)
)
ν2
+
(
5788281
2450
− 16175693888
1575
ln(2)− 393786545409
156800
ln(3) +
875090984375
169344
ln(5)
+
13841287201
17280
ln(7)
)
ν
qnonloc,h83 (ν) =
(
−154862
21
+
57604236136064
99225
ln(2) +
10467583300341
39200
ln(3)− 73366198046875
381024
ln(5)
−7709596970957
38880
ln(7)
)
ν3
+
(
−1746293
70
− 177055674739808
297675
ln(2)− 43719724468071
156800
ln(3) +
366449151015625
1524096
ln(5)
+
26506549233199
155520
ln(7)
)
ν2
+
(
−709195549
132300
+
5196312336176
35721
ln(2) +
17515638027261
313600
ln(3)− 63886617280625
1016064
ln(5)
−29247366220639
933120
ln(7)
)
ν (G2)
For completeness, let us also mention that our self-force computation of the full (local-plus-nonlocal) q8 potential has
given the result
qloc+nonloc8,≤6PN = ν(B1u+B2u
2 +B3u
3) +O(ν2) , (G3)
where
B1 = −27734375
126
ln(5) +
6591861
350
ln(3) +
21668992
45
ln(2)− 35772
175
,
B2 =
13841287201
17280
ln(7)− 393786545409
156800
ln(3)− 16175693888
1575
ln(2) +
875090984375
169344
ln(5) +
5790381
2450
,
B3 = −29247366220639
933120
ln(7)− 63886617280625
1016064
ln(5) +
5196312336176
35721
ln(2)
+
17515638027261
313600
ln(3)− 2843819611
529200
. (G4)
The difference
∆q8,≤6PN = q
loc+nonloc
8,≤6PN − qnonloc,h8,≤6PN , (G5)
was one of our sources of information for deriving the local part of the Hamiltonian, and is equal to
∆q8,≤6PN = ν
(
6
7
u2 − 7447
560
u3
)
+O(ν2) . (G6)
Appendix H: Computing the Delaunay near-zone nonlocal Hamiltonian associated with the ln(rh12/s) term
along ellipticlike motion
Let us consider the 4+5+6PN nonlocal, h-route (unflexed) Hamiltonian (2.9). We compute here the Delaunay-
average (along an ellipticlike motion) of the ln(rh12/s) contribution to H
nonloc,h, i.e.,
〈Hnonloc,ln,h4+5+6PN 〉 =
1∮
dt
∮
2
GH
c5
F split2PN (t, t) ln
(
rh12(t)
s
)
dt , (H1)
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where
H =Mc2(1 + νE¯η2) , (H2)
and
E¯ = − 1
2ahr
− 1
2
(
−7
4
+
1
4
ν
)
η2
(ahr )
2
+O(η4) . (H3)
It can be written as
〈H4+5+6PNnonloc,ln,h〉 =
ν2
(ahr )
5
[
A4PNln (eht ) + B4PNln (eht ) ln
(
ahr
s
)]
+
ν2
(ahr )
6
[
A5PNln (eht ) + B5PNln (eht ) ln
(
ahr
s
)]
+
ν2
(ahr )
7
[
A6PNln (eht ) + B6PNln (eht ) ln
(
ahr
s
)]
. (H4)
Here the non-logarithmic coefficients, AnPNln , were obtained as expansions in powers of eht up to the order O((eht )10)
included,
A4PNln (eht ) = −
176
5
(eht )
2 − 2681
15
(eht )
4 − 90017
180
(eht )
6 − 306433
288
(eht )
8 − 18541327
9600
(eht )
10 ,
A5PNln (eht ) =
(
18964
105
ν +
2539
35
)
(eht )
2 +
(
55521
35
ν − 524087
840
)
(eht )
4 +
(
456341
72
ν − 11468869
2520
)
(eht )
6
+
(
2526889
144
ν − 140341413
8960
)
(eht )
8 +
(
251185649
6400
ν − 1320019027
33600
)
(eht )
10 ,
A6PNln (eht ) =
(
−9448
27
ν2 − 907927
630
ν +
2489
45
)
(eht )
2 +
(
−44830903
7560
ν2 − 3709639
1680
ν +
460759
4536
)(eht
)4
+
(
−1067440939
30240
ν2 +
56364713
2016
ν − 1114216909
68040
)
(eht )
6
+
(
−699238489
5376
ν2 +
28209572539
161280
ν − 76207852937
725760
)
(eht )
8
+
(
−586193581933
1612800
ν2 +
325106833717
537600
ν − 76717484827
201600
)
(eht )
10 , (H5)
whereas the logarithmic coefficients, BnPNln , are given by the following closed-form expressions
B4PNln (eht ) =
1
(1− e2t )7/2
[
64
5
+
584
15
(eht )
2 +
74
15
(eht )
4
]
,
B5PNln (eht ) =
1
(1− e2t )9/2
[
−11708
105
− 112
5
ν +
(
−5308
15
ν +
1378
7
)
(eht )
2 +
(
−1857
5
ν +
8941
10
)
(eht )
4
+
(
−74
3
ν +
12539
140
)
(eht )
6
]
,
B6PNln (eht ) =
1
(1− e2t )11/2
[
32
5
ν2 +
179234
315
ν +
1445692
2835
+
(
13547
15
ν2 +
821056
315
ν − 10378222
2835
)
(eht )
2
+
(
220447
60
ν2 +
3723539
1890
− 1062751
105
ν
)
(eht )
4 +
(
9393
5
ν2 +
15416687
1260
− 7764587
840
ν
)
(eht )
6
+
(
4979519
5040
− 204661
420
ν + 74ν2
)
(eht )
8
+
(−96 + 1060(eht )2 + 1863(eht )4 + 148(eht )6)(1− 25ν
)
(1− e2t )1/2
]
. (H6)
The latter coefficients are related via BnPNln (eht ) = −2BnPN(eht ) + O((eht )11), to those entering the full
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Delaunay-averaged h-route nonlocal Hamiltonian (2.9) (see Eq. (8.11)).
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